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1 ÏÐÅÄÌÅÒ ÒÅÎÐÈÈ ÂÅÐÎßÒÍÎÑÒÅÉ È
ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÑÒÀÒÈÑÒÈÊÈ

Â ðåçóëüòàòå îäíîãî îïûòà ñîáûòèå ìîæåò ïðîèçîéòè èëè íå ïðî-
èçîéòè. Íî åñëè ïðè ïðîâåäåíèè ñåðèè èç áîëüøîãî ÷èñëà îïûòîâ
îòíîñèòåëüíîå ÷èñëî ñëó÷àåâ, êîãäà ñîáûòèå ïðîèçîøëî, êîëåáëåòñÿ
îêîëî ÷èñëà p, òî ãîâîðÿò, ÷òî âåðîÿòíîñòü òîãî, ÷òî äàííîå ñîáûòèå
ïðîèçîéäåò, ðàâíà p.

Òèïè÷íàÿ çàäà÷à òåîðèè âåðîÿòíîñòåé. Ïóñòü âåðîÿòíîñòü ñî-
áûòèÿ ðàâíà p. Ïðîâåäåíî n îïûòîâ, êàêîâà âåðîÿòíîñòü òîãî, ÷òî
ñîáûòèå ïðîèçîéäåò m ðàç? Â òåîðèè âåðîÿòíîñòåé äîêàçûâàåòñÿ, ÷òî
ýòà âåðîÿòíîñòü ðàâíà Cm

n pm(1−p)n−m, ãäå Cm
n åñòü ÷èñëî ñî÷åòàíèé

èç n ïî m. Òåîðèÿ âåðîÿòíîñòåé îïåðèðóåò òàêèìè ïîíÿòèÿìè, êàê
ñëó÷àéíàÿ âåëè÷èíà, ñëó÷àéíûé ïðîöåññ. Òàê, íàïðèìåð, ñëó÷àéíàÿ
âåëè÷èíà, ïîä÷èíåííàÿ ðàñïðåäåëåíèþ Ïóàññîíà, åñòü òàêàÿ âåëè÷è-
íà, äëÿ êîòîðîé âåðîÿòíîñòü ïðèíÿòü íåîòðèöàòåëüíîå öåëîå çíà÷å-
íèå n ðàâíà λn

n! e
−λ, ãäå λ � íåêîòîðûé ïàðàìåòð, èìåþùèé ñìûñë

ñðåäíåãî çíà÷åíèÿ ýòîé ñëó÷àéíîé âåëè÷èíû. Ïðîâîäèòñÿ áîëüøîå
÷èñëî îïûòîâ, êàæäûé ðàç çàïèñûâàåòñÿ ïîêàçàííîå ñëó÷àéíîé âå-
ëè÷èíîé çíà÷åíèå, ýòè çíà÷åíèÿ ñóììèðóþòñÿ, çàòåì ñóììà äåëèòñÿ
íà ÷èñëî îïûòîâ. Ýòî è åñòü çíà÷åíèå ïàðàìåòðà λ.

Ðàñïðåäåëåíèå Ïóàññîíà èñïîëüçîâàëè ïðè èçó÷åíèè ñòðàííîãî
ôåíîìåíà [2, ñòð 34]. Çà 20 ëåò ìåæäó 1875 è 1894 ãîäàìè â 14 ðàçëè÷-
íûõ êàâàëåðèéñêèõ êîðïóñàõ ãåðìàíñêîé àðìèè áûëà ñîáðàíà ñòàòè-
ñòèêà òðàãè÷åñêèõ ñëó÷àåâ, êîãäà ñîëäàò áûë óáèò óäàðîì êîïûòà.
Ñîãëàñíî 280 íàáëþäåíèÿì (280=14×20), 196 ñîëäàò ïîãèáëè òàêèì
îáðàçîì, ò.å. â ñðåäíåì çà ãîä λ = 0.7. Åñëè áû ÷èñëî òðàãè÷åñêèõ
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èñõîäîâ ïîä÷èíÿëîñü ðàñïðåäåëåíèþ Ïóàññîíà ñ ïàðàìåòðîì λ = 0.7,
òî ìîæíî áûëî áû îæèäàòü, ÷òî ïðè 280 íàáëþäåíèÿõ â 139 ñëó÷àÿõ
ñìåðòåé íåò, â 97 ñëó÷àÿõ � 1 ñìåðòü, â 34 ñëó÷àÿõ � 2 ñìåðòè è ò.
ä. Â äåéñòâèòåëüíîñòè äàííûå áûëè ñîîòâåòñòâåííî 140, 91, 32 è ò.
ä. Ïðàêòèêà è òåîðèÿ îêàçàëèñü â ñòîëü õîðîøåì ñîãëàñèè, ÷òî âðÿä
ëè ìîæíî áûëî îæèäàòü áîëüøåãî.

Ðàñïðåäåëåíèå Ïóàññîíà íàõîäèò ïðèìåíåíèå â îïèñàíèè ìíîãèõ
ÿâëåíèé. Íàïðèìåð, åñëè λ åñòü ñðåäíåå ÷èñëî çâîíêîâ â ìèíóòó íà
ãîðîäñêóþ òåëåôîííóþ ñòàíöèþ, òî λt áóäåò ñðåäíèì ÷èñëîì çâîíêîâ
çà t ìèíóò, òîãäà âåðîÿòíîñòü òîãî, ÷òî çà âðåìÿ t íà òåëåôîííóþ
ñòàíöèþ ïîñòóïèëî k çâîíêîâ, ðàâíà (λt)k

k! e−λt.
Â èòîãå ïðåäìåò òåîðèè âåðîÿòíîñòåé ìîæíî îïðåäåëèòü òàê:

òåîðèÿ âåðîÿòíîñòåé çàíèìàåòñÿ âû÷èñëåíèåì âåðîÿòíîñòåé
ñëîæíûõ ñîáûòèé.

×åì çàíèìàåòñÿ ìàòåìàòè÷åñêàÿ ñòàòèñòèêà? Ìû ñ÷èòàåì, ÷òî
ïðè áðîñàíèè ìîíåòû âåðîÿòíîñòü p ïîÿâëåíèÿ ãåðáà ðàâíà 1

2 . Íî
ýòî ïðåäïîëîæåíèå îñíîâàíî íà òåîðåòè÷åñêèõ ðàññóæäåíèÿõ. Áþô-
ôîí ïðîâîäèë îïûòû ñ áðîñàíèåì ìîíåòû. Ìîíåòà áûëà áðîøåíà
n = 4040 ðàç, èç íèõ â 2048 ñëó÷àÿõ âûïàë ãåðá. Ñïðàøèâàåòñÿ, êà-
êîå çàêëþ÷åíèå ìîæíî ñäåëàòü î âåðîÿòíîñòè âûïàäåíèÿ ãåðáà ïðè
áðîñàíèè ìîíåòû? Îòâåò íà ýòîò âîïðîñ ìàòåìàòè÷åñêàÿ ñòàòèñòèêà
íàõîäèò, íàïðèìåð, ñëåäóþùèì îáðàçîì. Ìû èìååì áîëüøîå ÷èñëî
n = 4040 èñïûòàíèé, â êàæäîì èç êîòîðûõ âåðîÿòíîñòü íàñòóïëåíèÿ
ñîáûòèÿ, ñîñòîÿùåãî â òîì, ÷òî âûïàë ãåðá, íåèçâåñòíà. Îáîçíà÷èì
åå p. Ìû óæå îòìåòèëè, ÷òî âåðîÿòíîñòü m óñïåõîâ ïðè n èñïûòà-
íèÿõ ðàâíà Pn(m) = Cm

n pm(1− p)n−m. Ðàññìîòðèì ðàçíîñòü m
n − p è

ïðåäñòàâèì åå â âèäå m
n − p = xm

√
p(1−p)

n , ãäå xm = m−np√
p(1−p)n

. Ïóñòü
a è b � äàííûå ÷èñëà. Â ìàòåìàòè÷åñêîì àíàëèçå äîêàçûâàåòñÿ, ÷òî
ïðè áîëüøèõ n ïðèáëèæåííî èìååò ìåñòî:

∑

a≤xm≤b

Pn(m) =
∑
m

P (a ≤ xm ≤ b) ≈ 1√
2π

b∫

a

e−
x2

2 dx.
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Ïîýòîìó

P

(
|m
n
− p| < ε

)
= P

(
|xm| < ε

√
n

p(1− p)

)
≈ 2

1√
2π

ε
q

n
p(1−p)∫

0

e−
x2

2 dx.

Òàê êàê p(1− p) ≤ 1
4 ïðè 0 < p < 1, òî äàëüøå ìîæíî ïèñàòü

P

(
|m
n
− p| < ε

)
≥ 2√

2π

2ε
√

n∫

0

e−
x2

2 dx.

Ïîòðåáóåì, ÷òîáû ïðàâàÿ ÷àñòü íåðàâåíñòâà áûëà ðàâíà 0.99, òîãäà

1√
2π

2ε
√

n∫

0

e−
x2

2 dx = 0.495.

Èç òàáëèöû çíà÷åíèé èíòåãðàëà íàõîäèì, ÷òî âåðõíèé ïðåäåë äîë-
æåí ðàâíÿòüñÿ 2.57, çíà÷èò, äëÿ n = 4040 ìû íàõîäèì ε = 2.57

2
√

n
≈ 0.02.

Ñ äðóãîé ñòîðîíû, íåðàâåíñòâî |mn − p| < ε ýêâèâàëåíòíî íåðàâåí-
ñòâó m

n − ε < p < m
n + ε èëè, ó÷èòûâàÿ, ÷òî m

n = 0.507, íåðàâåíñòâó
0.487 < p < 0.527. Òàêèì îáðàçîì, ìû ïðèõîäèì ê ñëåäóþùåé èíòåð-
ïðåòàöèè îïûòà Áþôôîíà. Ñ âåðîÿòíîñòüþ, íå ìåíüøåé 0.99, âåðîÿò-
íîñòü p âûïàäåíèÿ ãåðáà íàõîäèòñÿ â èíòåðâàëå (0.487, 0.527). Íàéòè
p, çíà÷èò íàéòè âåðîÿòíîñòíóþ ìîäåëü. Çíà÷èò, ìàòåìàòè÷åñêàÿ ñòà-
òèñòèêà, îïèðàÿñü íà ìåòîäû òåîðèè âåðîÿòíîñòåé, ïóòåì îáðàáîòêè
äàííûõ íàáëþäåíèé îïðåäåëÿåò âåðîÿòíîñòíóþ ìîäåëü, ñ ïîìîùüþ
êîòîðîé ìîæíî èíòåðïðåòèðîâàòü ÿâëåíèå. Çàäà÷à ìàòåìàòè÷åñêîé
ñòàòèñòèêè îáðàòíà çàäà÷å òåîðèè âåðîÿòíîñòåé. Òåîðèÿ âåðîÿòíî-
ñòåé â ðàìêàõ äàííîé âåðîÿòíîñòíîé ìîäåëè âû÷èñëÿåò ñëîæíûå âå-
ðîÿòíîñòè, à ìàòåìàòè÷åñêàÿ ñòàòèñòèêà íàõîäèò ýòó ìîäåëü.

Â ñîâðåìåííîì ïîíèìàíèè çàäà÷ ìàòåìàòè÷åñêîé ñòàòèñòèêè ìà-
òåìàòè÷åñêàÿ ñòàòèñòèêà çàíèìàåòñÿ âû÷èñëåíèåì âåðîÿòíîñòè
ïðèíÿòèÿ íåïðàâèëüíîãî ðåøåíèÿ äëÿ êîíêðåòíûõ ñòàòèñòè÷åñêèõ
ïðàâèë èëè ñòðîèò ïðàâèëà ñ ìèíèìàëüíîé âåðîÿòíîñòüþ ýòîé
îøèáêè [7].
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Âàæíà ðîëü òåîðèè âåðîÿòíîñòåé â òåîðåòè÷åñêîé ôèçèêå. Òåî-
ðèÿ âåðîÿòíîñòåé êàê ìàòåìàòè÷åñêàÿ òåîðèÿ ëåæèò â îñíîâå òàêèõ
ðàçäåëîâ ôèçèêè, êàê êâàíòîâàÿ ìåõàíèêà, êâàíòîâàÿ òåîðèÿ ïîëÿ,
ñòàòèñòè÷åñêàÿ ôèçèêà, ðàäèîôèçèêà. Òàê, â êâàíòîâîé ìåõàíèêå ñî-
ñòîÿíèå ôèçè÷åñêîé ñèñòåìû â äàííûé ìîìåíò âðåìåíè ìîæåò áûòü
îïèñàíî îïðåäåëåííîé ôóíêöèåé (âîîáùå ãîâîðÿ, êîìïëåêñíîé) Ψ(q),
q = (q1, ..., qN ), ïðè÷åì êâàäðàò ìîäóëÿ ýòîé ôóíêöèè |Ψ(q)|2 îïðåäå-
ëÿåò âåðîÿòíîñòü |Ψ(q)|2dq òîãî, ÷òî ïðîèçâåäåííîå íàä ñèñòåìîé èç-
ìåðåíèå îáíàðóæèò çíà÷åíèÿ êîîðäèíàò â ýëåìåíòå dq = dq1 · · · dqN

êîíôèãóðàöèîííîãî ïðîñòðàíñòâà êîîðäèíàò q.
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2 ÒÅÎÐÈß ÂÅÐÎßÒÍÎÑÒÅÉ
Òåîðèÿ âåðîÿòíîñòåé äîïóñêàåò àêñèîìàòè÷åñêîå èçëîæåíèå. Àêñè-

îìàòè÷åñêèé ïîäõîä ïðåäïîëàãàåò ââåäåíèå íåêîòîðûõ ïåðâîíà÷àëü-
íûõ îáúåêòîâ ñ îòäåëüíûìè ñâîéñòâàìè, êîòîðûå îïðåäåëÿþòñÿ àê-
ñèîìàìè. Çàòåì èç ýòèõ àêñèîì âûâîäÿòñÿ òåîðåìû. Îñíîâíîå ïîíÿ-
òèå òåîðèè âåðîÿòíîñòè � âåðîÿòíîñòíîå ïðîñòðàíñòâî. Èçëîæåíèå
òåîðèè âåðîÿòíîñòè íà÷í¼ì ñ ýòîãî ïîíÿòèÿ.

2.1 Âåðîÿòíîñòíîå ïðîñòðàíñòâî

Âåðîÿòíîñòíîå ïðîñòðàíñòâî � ýòî òðîéêà (Ω,A, P ) èç ñëåäóþ-
ùèõ ñîñòàâëÿþùèõ ýëåìåíòîâ: Ω � ïðîñòðàíñòâî ýëåìåíòàðíûõ ñî-
áûòèé;A − àëãåáðà ñîáûòèé; P � âåðîÿòíîñòü. Äàäèì îïèñàíèå ýòèõ
ýëåìåíòîâ.

Ïðîñòðàíñòâî ýëåìåíòàðíûõ ñîáûòèé Ω. Ïîíÿòèå ýëåìåí-
òàðíîãî ñîáûòèÿ � èçíà÷àëüíîå ïîíÿòèå, îíî îïðåäåëåíèþ íå ïîä-
äà¼òñÿ. Ñ÷èòàåòñÿ, ÷òî ðåàëüíûé îïûò ñîïðîâîæäàåòñÿ ìíîæåñòâîì
âçàèìíî èñêëþ÷àþùèõ äðóã äðóãà ýëåìåíòàðíûõ ñîáûòèé. Ýëåìåí-
òàðíîå ñîáûòèå îáîçíà÷àåòñÿ ñ ïîìîùüþ ω. Ìíîæåñòâî Ω âñåõ ýëå-
ìåíòàðíûõ ñîáûòèé ω è åñòü ïðîñòðàíñòâî ýëåìåíòàðíûõ ñîáûòèé.

Ïðèìåð 1. Èãðàëüíàÿ êîñòü � ýòî êóá, ãðàíè êîòîðîãî ïðîíó-
ìåðîâàíû ñ ïîìîùüþ ÷èñåë îò 1 äî 6. ×åðåç ωi îáîçíà÷èì ñîáûòèå,
ñîñòîÿùåå â òîì, ÷òî ïðè áðîñàíèè êîñòè ãðàíü ñ íîìåðîì i îêàæåòñÿ
íàâåðõó. ×èñëî âîçìîæíûõ èñõîäîâ îïûòà êîíå÷íî, ðàâíî 6.

Ïðèìåð 2. Ïóñòü îïûò ñîñòîèò â áðîñàíèè òî÷êè íà îòðåçîê
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[0, 1], ò. å. â âûáîðå êàêîé-ëèáî òî÷êè íà ýòîì îòðåçêå. Åñëè â ðå-
çóëüòàòå îïûòà êîíêðåòíàÿ òî÷êà îòðåçêà âûáðàíà, òî ýòî ñîáûòèå
ìîæíî îõàðàêòåðèçîâàòü ñ ïîìîùüþ åå êîîðäèíàòû. Ïîýòîìó â ýòîì
îïûòå íóæíî ñ÷èòàòü, ÷òî Ω = [0, 1]. ×èñëî âîçìîæíûõ èñõîäîâ áåñ-
êîíå÷íî.

Àëãåáðà ñîáûòèé A. Ñîáûòèå � ýòî ñîâîêóïíîñòü íåêîòîðîãî
÷èñëà ýëåìåíòàðíûõ ñîáûòèé, òî åñòü ïîäìíîæåñòâî ïðîñòðàíñòâà Ω.
A � îáîçíà÷åíèå ñîáûòèÿ. Êàæäîå ñîáûòèå åñòü ïîäìíîæåñòâî â Ω �
îáðàòíîå íå âñåãäà âåðíî, íî îá ýòîì ïîçäíåå. Ñîáûòèå A ñ÷èòàåòñÿ
ïðîèñøåäøèì, åñëè ïðîèçîøëî îäíî èç ýëåìåíòàðíûõ ñîáûòèé ω, èç
êîòîðûõ ñîñòîèò A. Ïðîñòðàíñòâî Ω � òîæå ïîäìíîæåñòâî ñàìîãî
ñåáÿ, è ñ÷èòàåòñÿ, ÷òî Ω − ñîáûòèå. Îíî íàçûâàåòñÿ äîñòîâåðíûì
ñîáûòèåì. Ìîæíî ââåñòè ñóììó A + B, ïðîèçâåäåíèå AB (A ∩ B),
ðàçíîñòü A\B ñîáûòèé â ñîîòâåòñòâèè ñ îïåðàöèÿìè ñóììû, ïðîèç-
âåäåíèÿ è ðàçíîñòè íàä ìíîæåñòâàìè. Êàê èçâåñòíî, ñóììîé äâóõ
ìíîæåñòâ íàçûâàåòñÿ èõ îáúåäèíåíèå, ïðîèçâåäåíèåì � èõ ïåðåñå-
÷åíèå, ðàçíîñòüþ � ñîâîêóïíîñòü ýëåìåíòîâ ìíîæåñòâà A, íå ïðè-
íàäëåæàùèõ ìíîæåñòâó B. Íà ÿçûêå òåîðèè âåðîÿòíîñòåé A + B �
ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî ïðîèçîøëî õîòÿ áû îäíî èç ñîáûòèé:
A èëè B. Ïðîèçâåäåíèå AB � ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî îäíî-
âðåìåííî ïðîèçîøëî è ñîáûòèå A, è ñîáûòèå B. Ïðîòèâîïîëîæíîå
ñîáûòèå Ā � ýòî ñîáûòèå Ω\A. Íà ÿçûêå òåîðèè âåðîÿòíîñòåé Ā �
ýòî ñîáûòèå, ñîñòîÿùåå â íåíàñòóïëåíèè ñîáûòèÿ A. Íåâîçìîæíîå
ñîáûòèå ∅ � ñîáûòèå, ñîîòâåòñòâóþùåå ïóñòîìó ìíîæåñòâó èëè ñî-
áûòèå, íå ñîäåðæàùåå íè îäíîãî ýëåìåíòàðíîãî ñîáûòèÿ. Ñîáûòèÿ A
è B íàçûâàþòñÿ íåñîâìåñòíûìè, åñëè AB = ∅.

Àëãåáðà ñîáûòèé A − ýòî ñîâîêóïíîñòü ñîáûòèé, îáëàäàþùèõ
ñâîéñòâàìè:

1) Ω ∈ A

2) ∀A, B ∈ A⇒ A + B, AB, A\B, Ā ∈ A.

Âåðîÿòíîñòü P . Ñ ïîìîùüþ R áóäåì îáîçíà÷àòü ìíîæåñòâî âñåõ
âåùåñòâåííûõ ÷èñåë. Ãîâîðÿò, ÷òî íà àëãåáðå ñîáûòèéA çàäàíà âåðî-
ÿòíîñòü, åñëè çàäàíà ôóíêöèÿ P : A→ R, ∀A ∈ A→ P (A) ∈ [0, 1] ⊂
R, îáëàäàþùàÿ ñâîéñòâàìè:
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1) P (Ω) = 1,

2) Äëÿ ëþáîé ïàðû íåñîâìåñòíûõ ìåæäó ñîáîé ñîáûòèé A è B
( AB = ∅), âûïîëíÿåòñÿ P (A + B) = P (A) + P (B) (àääèòèâíîå
ñâîéñòâî),

3) äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè A1 ⊃ A2 ⊃ · · ·An ⊃ · · · , òàêîé,
÷òî

∞∩
n=1

An = ∅, èìååò ìåñòî ðàâåíñòâî lim
n→∞P (An) = 0 (íåïðå-

ðûâíîñòü).

Ñëåäñòâèå 1. P (Ā) = 1− P (A).
A+Ā = Ω, A∩Ā = ∅, ïîýòîìó P (Ω) = 1 = P (A+Ā) = P (A)+P (Ā),

îòêóäà P (Ā) = 1− P (A).
Ñëåäñòâèå 2. P (A + B) = P (A) + P (B)− P (AB).
A + B = A + BΩ = A + B(A + Ā) = A + BĀ, êðîìå òîãî A(BĀ) =

AĀB = ∅, ïîýòîìó P (A + BĀ) = P (A) + P (BĀ). Ñ äðóãîé ñòîðîíû,
BA + BĀ = B, (BA)(BĀ) = ∅, ïîýòîìó P (BA) + P (BĀ) = P (B). Â
èòîãå P (A + B) = P (A) + P (B)− P (AB).

Êëàññè÷åñêîå îïðåäåëåíèå âåðîÿòíîñòè. Ïóñòü Ω � êîíå÷-
íîå ìíîæåñòâî è ÷èñëî åãî ýëåìåíòîâ |Ω| ðàâíî s: Ω = {ω1, ω2, ..., ωs}.
Ïóñòü ýëåìåíòàðíûå ñîáûòèÿ ðàâíîâåðîÿòíû: P (ω1) = ... = P (ωs) ⇒
P (ωi) = 1

s , i = 1, ..., s. Ïîëîæèì P (A) = |A|
s . Â êà÷åñòâå ýëåìåí-

òîâ äëÿ A âîçüì¼ì âñå âîçìîæíûå ïîäìíîæåñòâà èç Ω. Ó íàñ åñòü
(Ω,A, P ) � âåðîÿòíîñòíîå ïðîñòðàíñòâî.

Óðíîâûå ñõåìû. Ïóñòü ℵ = {1, 2, ..., N}, ω = (i1, i2, ..., in) �
óïîðÿäî÷åííûé íàáîð n ÷èñåë ñ ik ∈ ℵ, k = 1, 2, ..., n.

1) Ñõåìà ñëó÷àéíîãî âûáîðà ñ âîçâðàùåíèåì. ik ïðîèçâîëüíû,
è Ω = {ω}. Óðíîâàÿ èíòåðïðåòàöèÿ äàííîé ñõåìû òàêîâà. Â óðíå
N ïðîíóìåðîâàííûõ øàðîâ. Øàðû òùàòåëüíî ïåðåìåøèâàåì, çàòåì
âûòàñêèâàåì øàð, çàïèñûâàåì åãî íîìåð i1, çàòåì øàð êëàäåì îáðàò-
íî, âñå ïåðåìåøèâàåì, âûòàñêèâàåì øàð ñ íîìåðîì i2, è ò.ä. |Ω| = Nn.

2) Ñõåìà ñëó÷àéíîãî âûáîðà áåç âîçâðàùåíèÿ. i1 6= ß2 6= · · · 6= in,
(øàðû íå âîçâðàùàåì). n ≤ N, |Ω| = N(N − 1) · · · (N − (n− 1)).

3) Ñëó÷àéíûå ÷èñëà. Ê íèì ïðèäåì, åñëè ïðèìåíèì óðíîâóþ ñõå-
ìó ñ âîçâðàùåíèåì äëÿ ℵ = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.

Ãåîìåòðè÷åñêèå âåðîÿòíîñòè.
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1) Ïóñòü Ω = [0, 1] ∈ R. Ñîáûòèÿìè íàçîâ¼ì âñåâîçìîæíûå ìíî-
æåñòâà (a, b), [a, b), (a, b], [a, b], 0 ≤ a < b ≤ 1. Ïóñòü òî÷êè ìíîæåñòâà
Ω ðàâíîâåðîÿòíû, ýòî çíà÷èò, ÷òî P ((a, b)) = P ([a, b]) = b− a. Òîãäà
P ((a)) = 0, ãäå (a) � îòäåëüíàÿ òî÷êà.

Òåïåðü ñîáûòèÿìè íàçîâ¼ì òàêèå ïîäìíîæåñòâà ïðîñòðàíñòâà Ω,
äëÿ êîòîðûõ ñóùåñòâóåò êîíå÷íàÿ äëèíà. Îêàçûâàåòñÿ íà Ω ìîæíî
óêàçàòü ïîäìíîæåñòâà, äëÿ êîòîðûõ êîíå÷íàÿ äëèíà íå ñóùåñòâóåò.
Ïîýòîìó èõ êàê ñîáûòèÿ ðàññìàòðèâàòü íåëüçÿ [3].

2) Â êà÷åñòâå Ω ìîæíî âçÿòü ôèãóðó íà ïëîñêîñòè, äëÿ êîòîðîé
ñóùåñòâóåò ïëîùàäü S(Ω). A ⊂ Ω � ñîáûòèå, åñëè äëÿ íåãî òîæå
ñóùåñòâóåò êîíå÷íàÿ ïëîùàäü S(A) è P (A) = S(A)

S(Ω) è ò.ä.

2.1.1 1-å ïðàêòè÷åñêîå çàíÿòèå. Ïðîñòåéøèå âåðîÿòíîñò-
íûå ñõåìû

Çàäà÷à 14.66. Â ìàãàçèí ïîñòóïèëî 30 íîâûõ öâåòíûõ òåëåâèçî-
ðîâ, ñðåäè êîòîðûõ 5 èìåþò ñêðûòûå äåôåêòû. Íàóäà÷ó îòáèðàåòñÿ
îäèí òåëåâèçîð äëÿ ïðîâåðêè. Êàêîâà âåðîÿòíîñòü, ÷òî îí íå èìååò
ñêðûòûõ äåôåêòîâ?

Ðåøåíèå. A={îòîáðàííûé òåëåâèçîð íå èìååò äåôåêòîâ}. |A| =
25. |Ω| = 30. P (A) = 5/6.

Çàäà÷à 14.73. 1 ñåíòÿáðÿ ïî ðàñïèñàíèþ çàïëàíèðîâàíû òðè çà-
íÿòèÿ ïî ðàçíûì ïðåäìåòàì. Ñòóäåíò, íå óñïåâøèé îçíàêîìèòüñÿ ñ
ðàñïèñàíèåì, ïûòàåòñÿ åãî óãàäàòü. Êàêîâà âåðîÿòíîñòü óñïåõà, åñëè
ó÷åñòü, ÷òî íà ýòîì êóðñå ÷èòàåòñÿ 10 ïðåäìåòîâ è ëþáîå ðàñïèñàíèå
èç òðåõ ïðåäìåòîâ ðàâíîâåðîÿòíî?

Ðåøåíèå. C3
10 = 120 − ÷èñëî âñåâîçìîæíûõ âûáîðîâ òðåõ ïðåä-

ìåòîâ èç äåñÿòè. Âåðîÿòíîñòü óãàäàòü òðè ïðåäìåòà â ðàñïèñàíèè
ðàâíà 1/120.

Çàäà÷à 14.80. Íà êîíôåðåíöèþ èç 3 ïåðâîêóðñíèêîâ, 5 âòîðî-
êóðñíèêîâ è 7 òðåòüåêóðñíèêîâ íåîáõîäèìî âûáðàòü íàóãàä 5 ÷åëî-
âåê. Íàéòè âåðîÿòíîñòü ñîáûòèé: A={áóäóò âûáðàíû îäíè òðåòüå-
êóðñíèêè}, B={âñå ïåðâîêóðñíèêè ïîïàäóò íà êîíôåðåíöèþ}, C={íå
áóäåò âûáðàíî íè îäíîãî âòîðîêóðñíèêà}.
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Ðåøåíèå. ×èñëî âñåâîçìîæíûõ âûáîðîâ 5 ñòóäåíòîâ èç 15 ðàâíî

C5
15 = 13 · 11 · 7 · 3. |A| = C5

7 = 21, P (A) = C5
7/C5

15 = 1/143,

|B| = C3
3 · C2

12 = 66,

P (B) =
66
C5

15

= 2/91, P (C) =
C5

10

C5
15

= 12/143.

Çàäà÷à 14.92 Íà ïÿòè êàðòî÷êàõ íàïèñàíû öèôðû îò 1 äî 5.
Îïûò ñîñòîèò â ñëó÷àéíîì âûáîðå òðåõ êàðòî÷åê è ðàñêëàäûâàíèè
èõ â ïîðÿäêå ïîñòóïëåíèÿ â ðÿä ñëåâà íàïðàâî. Íàéòè âåðîÿòíîñòü
ñîáûòèé: A={ïîÿâèòñÿ ÷èñëî 123}, B={ïîÿâèòñÿ ÷èñëî, íå ñîäåðæà-
ùåå öèôðû 3}.

Ðåøåíèå. ω = (i1, i2, i3), 1 ≤ ik ≤ 5, i1 6= i2 6= i3 � óðíîâàÿ ñõåìà
áåç âîçâðàùåíèÿ, |Ω| = 5 · 4 · 3 = 60, P (A) = 1/60, |B| = 4 · 3 · 2 = 24,
P (B) = 24/60 = 0.4.

Çàäà÷à 2.1. Áðîøåíû äâå èãðàëüíûå êîñòè. Ïðåäïîëàãàÿ, ÷òî
ýëåìåíòàðíûå ñîáûòèÿ ðàâíîâåðîÿòíû, íàéòè âåðîÿòíîñòü ñîáûòèé:
A={íà 1-é êîñòè âûïàëà �1�}, Ā, B={âûïàëà õîòÿ áû îäíà �6�}, AB̄.

Ðåøåíèå.|Ω| = 62 = 36. Âûïèøåì âñå ýëåìåíòàðíûå ñîáûòèÿ, èç
êîòîðûõ ñîñòîèò ñîáûòèå A: A = {ω : ω = (1, i); i = 1, ..., 6}. Òîãäà
P (A) = |A|/|Ω| = 6/36 = 1/6, P (Ā) = 1 − P (A) = 5/6. B = {ω :
(6, i), (i, 6), (6, 6); i = 1, ..., 5}, P (B) = 11/36. AB̄ = {ω : (1, i) : i =
1, ..., 5), P (AB̄) = 5/36.

Çàäà÷à 2.2. Íà ïîëêå â ñëó÷àéíîì ïîðÿäêå ðàññòàâëåíî n êíèã,
ñðåäè êîòîðûõ íàõîäèòñÿ äâóõòîìíèê Ä. Ëîíäîíà. Ïðåäïîëàãàÿ, ÷òî
ðàçëè÷íûå ðàñïîëîæåíèÿ êíèã ðàâíîâåðîÿòíû, íàéòè âåðîÿòíîñòü
òîãî, ÷òî îáà òîìà äâóõòîìíèêà ðàñïîëîæåíû ðÿäîì.

Ðåøåíèå. ×èñëî ðàçëè÷íûõ ñïîñîáîâ ðàññòàíîâêè n êíèã ðàâ-
íî n! (÷èñëî ïåðåñòàíîâîê èç n ýëåìåíòîâ ðàâíî Pn = n!). Èòàê,
|Ω| = n!. ×åìó ðàâíÿåòñÿ ÷èñëî ýëåìåíòàðíûõ ñîáûòèé, áëàãîïðè-
ÿòíûõ ñîáûòèþ A={ îáà òîìà äâóõòîìíèêà îêàæóòñÿ ðÿäîì}? Ðàñ-
ñìîòðèì îáà òîìà êàê îäíó êíèãó. Òîãäà áóäåò (n− 1) êíèãà. Ó÷òåì
òàêæå, ÷òî îáúåäèíåíèå äâóõ òîìîâ èìååò äâà âàðèàíòà (1-é òîì, 2-é
òîì) è (2- é òîì, 1-é òîì). Ñëåäîâàòåëüíî, |A| = (n− 1)! · 2. Îòñþäà
P (A) = 2 · (n− 1)!/n! = 2/n.
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Çàäà÷à 2.5. Âûïèñàíà ïîñëåäîâàòåëüíîñòü èç n ñëó÷àéíûõ ÷è-
ñåë. Íàéòè âåðîÿòíîñòü ñîáûòèé: A={1-å ÷èñëî � ÷åòíîå}, B={ñðåäè
n ÷èñåë ðîâíî m äåëÿòñÿ íà 3}, C={ñðåäè n ÷èñåë ðîâíî m+2 äåëÿò-
ñÿ íà 3, è äâà èç íèõ ðàñïîëîæåíû íà êîíöàõ ïîñëåäîâàòåëüíîñòè}.

Ðåøåíèå. Èìååì óðíîâóþ ñõåìó ñ âîçâðàùåíèåì: A = {(i1, ..., in):
i1 �÷åòíîå, 0 ≤ ik ≤ 9, k = 2, ..., 9}. |A| = 5 · 10n−1, |Ω| = 10n, P (A) =
0.5. B={(..., j1, ..., j2, ..., jm, ...) : jk ∈ {0, 3, 6, 9}, 1 ≤ k ≤ m, îñòàëüíûå
÷èñëà íå äåëÿòñÿ íà 3}. |B| = 4m · 6n−mCm

n , ãäå 4m � ìîùíîñòü ìíî-
æåñòâà {(j1, j2, ..., jm)}, Cm

n � ÷èñëî âñåâîçìîæíûõ âàðèàíòîâ ðàñ-
ïîëîæåíèÿ ÷èñåë j1, j2, ..., jm âî âñåé öèôðîâîé ïîñëåäîâàòåëüíîñòè,
6n−m � ìîùíîñòü ìíîæåñòâà öèôðîâûõ ïîñëåäîâàòåëüíîñòåé, ñîñòî-
ÿùèõ èç ÷èñåë, íå äåëÿùèõñÿ íà 3. P (B) = (0.4)m ·(0.6)n−m ·Cm

n . Òðå-
òèé ñëó÷àé ñâîäèòñÿ êî âòîðîìó. Èìååì: |C| = Cm

n−2 · 4m+2 · 6n−m−2.
P (C) = Cm

n−2 · (0.4)m+2 · (0.6)n−m−2.
Çàäà÷à 2.9. Ïî íåêîòîðîìó ó÷àñòêó æåëåçíîé äîðîãè çà N èí-

òåðâàëîâ âðåìåíè ïðîõîäèò çàäàííîå êîëè÷åñòâî ïîåçäîâ, ñðåäè êîòî-
ðûõ M òÿæåëûõ. Êàæäûé èíòåðâàë âðåìåíè ìîæåò áûòü ñâîáîäåí
èëè çàíÿò îäíèì ïîåçäîì. Ëþáîå ðàñïîëîæåíèå òÿæåëûõ ïîåçäîâ
ïî èíòåðâàëàì âðåìåíè èìååò îäíó è òó æå âåðîÿòíîñòü. Ïðîõîæäå-
íèå òÿæåëûõ ïîåçäîâ â ñîñåäíèõ èíòåðâàëàõ âðåìåíè íåæåëàòåëüíî.
Îöåíèòü ñâåðõó âåðîÿòíîñòü ïîÿâëåíèÿ õîòÿ áû îäíîé ïàðû ñîñåäíèõ
èíòåðâàëîâ, çàíÿòûõ òÿæåëûìè ïîåçäàìè, åñëè N = 1000, M = 10.

Ðåøåíèå. Ak={ k-é è k+1-é èíòåðâàëû çàíÿòû òÿæåëûìè ïîåç-
äàìè},

P (Ak) = CM−2
N−2 /CM

N =
(N − 2)!

(M − 2)!(N −M)!
:

N !
M !(N −M)!

=

=
M(M − 1)
N(N − 1)

.

A1+A2+...+AN−1 ={ õîòÿ áû îäíà ïàðà ñîñåäíèõ èíòåðâàëîâ çàíÿòà
òÿæåëûìè ïîåçäàìè},

P (A1 + A2) = P (A1) + P (A2)− P (A1A2) ≤ P (A1) + P (A2),

P (A1 + A2 + ... + AN−1) ≤ P (A1) + ... + P (AN−1) = (N − 1)P (A1) =
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=
M(M − 1)

N
= 0.09.

Çàäà÷è äîìàøíåãî çàäàíèÿ.
Çàäà÷à 14.67. Àâòîìàò èçãîòàâëèâàåò îäíîòèïíûå äåòàëè, ïðè-

÷åì òåõíîëîãèÿ èçãîòîâëåíèÿ òàêîâà, ÷òî 5% ïðîèçâåäåííîé ïðîäóê-
öèè îêàçûâàåòñÿ áðàêîâàííîé. Èç áîëüøîé ïàðòèè âçÿòà íàóäà÷ó îä-
íà äåòàëü äëÿ êîíòðîëÿ. Íàéòè âåðîÿòíîñòü ñîáûòèÿ ={äåòàëü áðà-
êîâàííàÿ}.

Îòâåò: 0.05.

Çàäà÷à 14.74. Çåíèòíàÿ áàòàðåÿ, ñîñòîÿùàÿ èç n îðóäèé, ïðîèç-
âîäèò çàëï ïî ãðóïïå, ñîñòîÿùåé èç m ñàìîëåòîâ. Êàæäîå èç îðóäèé
âûáèðàåò ñåáå öåëü íàóäà÷ó è íåçàâèñèìî îò îñòàëüíûõ. Íàéòè âåðî-
ÿòíîñòü òîãî, ÷òî âñå îðóäèÿ âûñòðåëÿò ïî îäíîìó ñàìîëåòó.

Îòâåò: 1
mn−1

Çàäà÷à 14.81. Èç óðíû, ñîäåðæàùåé m1 + m2 øàðîâ, èç êîòîðûõ
m1 áåëûõ è m2 ÷åðíûõ, íàóäà÷ó îòáèðàþò m øàðîâ è îòêëàäûâà-
þò â ñòîðîíó. Íàéòè âåðîÿòíîñòè ñëåäóþùèõ ñîáûòèé: A={âñå îòëî-
æåííûå øàðû áåëûå}, B={ñðåäè îòëîæåííûõ øàðîâ ðîâíî k áåëûõ;
k ≤ m }.

Îòâåò: P (A) =
Cm

m1
Cm

m1+m2

, P (B) =
Ck

m1
Cm−k

m2

Cm
m1+m2

.

Çàäà÷à 14.93. (Ïðîäîëæåíèå çàäà÷è 14.92) Ïðè óñëîâèÿõ ïðåäûäó-
ùåé çàäà÷è íàéòè âåðîÿòíîñòè ñîáûòèé: C={ïîÿâèòñÿ ÷èñëî, ñîñòî-
ÿùåå èç ïîñëåäîâàòåëüíûõ öèôð}, D={ïîÿâèòñÿ ÷åòíîå ÷èñëî}, E=
{ïîÿâèòñÿ ÷èñëî, ñîäåðæàùåå õîòÿ áû îäíó èç öèôð: 2 èëè 3}.

Îòâåò: P (C) = 1
20 , P (D) = 2

5 , P (E) = 9
10 .

Çàäà÷à 2.3. ×èñëà 1, 2, ..., ðàññòàâëåíû ñëó÷àéíûì îáðàçîì.
Ïðåäïîëàãàÿ, ÷òî ðàçëè÷íûå ðàçïîëîæåíèÿ ÷èñåë ðàâíîâåðîÿòíû,
íàéòè âåðîÿòíîñòü òîãî, ÷òî ÷èñëà 1, 2, 3 ðàñïîëîæåíû â ïîðÿäêå
âîçðàñòàíèÿ, íî íå îáÿçàòåëüíî ðÿäîì.
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Îòâåò: 1
6 .

Çàäà÷à 2.4. Âûïèñàíû òðè ñëó÷àéíûõ ÷èñëà. Íàéòè âåðîÿòíîñòè
ñîáûòèé:

A={âñå âûïèñàííûå ÷èñëà îäèíàêîâû},
B={ âñå âûïèñàííûå ÷èñëà ðàçëè÷íû},
C={ñðåäè âûïèñàííûõ ÷èñåë ðîâíî äâà ñîâïàäåíèÿ}.

Îòâåò: 0.01; 0.72; 0.27.

Çàäà÷à 2.7. Â ÷óëàíå n ïàð áîòèíîê. Èç íèõ ñëó÷àéíî âûáèðàåòñÿ
2r áîòèíîê (2r < n). Íàéòè âåðîÿòíîñòü òîãî, ÷òî ñðåäè âûáðàííûõ
áîòèíîê: à) íåò ïàðíûõ; á) èìååòñÿ ðîâíî îäíà ïàðà.

Îòâåò: à) 22rC2r
n

C2r
2n

á) n22r−2C2r−2
n−1

C2r
2n

Çàäà÷à 2.10. Â êóïåéíûé âàãîí (9 êóïå ïî 4 ìåñòà) ñåìè ïàññà-
æèðàì ïðîäàíî ñåìü áèëåòîâ. Íàéòè âåðîÿòíîñòè ñîáûòèé:

A={ïàññàæèðû ïîïàëè â äâà êóïå},
B={ïàññàæèðû ïîïàëè â òðè êóïå}.
Ðàññìîòðåòü äâà ñëó÷àÿ:
1) ïàññàæèðû ïîêóïàþò áèëåòû â ðàçíîå âðåìÿ íåçàâèñèìî äðóã

îò äðóãà (âîñïîëüçîâàòüñÿ ñõåìîé ñëó÷àéíîãî âûáîðà áåç âîçâðàùå-
íèÿ);

2) ïàññàæèðû åäóò âìåñòå, è îäèí ïîêóïàåò áèëåòû âñåé ãðóïïå
(ïðåäïîëîæèòü, ÷òî íîìåðà ïðîäàííûõ ïàññàæèðó ìåñò èäóò ïîäðÿä,
à íàèìåíüøèé íîìåð ìåñòà âûáèðàåòñÿ ñëó÷àéíî èç ìíîæåñòâà íî-
ìåðîâ
{1,2,...,30}).

Îòâåò: 1) P (A) = 1
28985 = 0.0000345..., P (B) = 224

28985 = 000777281...;
2) P (A) = 8

15 = 0.5333..., P (B) = 7
15 = 0.4666....

2.1.2 2-å ïðàêòè÷åñêîå çàíÿòèå. Ïðîñòåéøèå âåðîÿòíîñò-
íûå ñõåìû (ïðîäîëæåíèå).

Çàäà÷à 14.139. Âíóòðè êâàäðàòà ñ âåðøèíàìè (0,0), (1,0), (1,1), è
(0,1) íàóäà÷ó âûáèðàåòñÿ òî÷êà M(x, y).
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(1,1)(0,1)

(1,0)

y

x

Íàéòè âåðîÿòíîñòü ñîáûòèÿ A = {(x, y) : x2 +
y2 ≤ a2, a > 0}.
Ðåøåíèå. Ïóñòü S ðàâíà ïëîùàäè ìíîæåñòâà
A. P (A) = S, S = πa2

4 , åñëè a ≤ 1.

S =
√

a2 − 1+a2(π
4 − arccos 1/a), åñëè 1 ≤ a ≤√

2.
S = 1, åñëè a >

√
2.

Çàäà÷à 14.150. Äâà ïàðîõîäà äîëæíû ïîäîéòè ê îäíîìó è òîìó
æå ïðè÷àëó. Âðåìÿ ïðèõîäà îáîèõ ïàðîõîäîâ íåçàâèñèìî è ðàâíîâîç-
ìîæíî â òå÷åíèå äàííûõ ñóòîê. Îïðåäåëèòü âåðîÿòíîñòü òîãî, ÷òî
îäíîìó èç ïàðîõîäîâ ïðèäåòñÿ îæèäàòü îñâîáîæäåíèÿ ïðè÷àëà, åñëè
âðåìÿ ñòîÿíêè ïåðâîãî ïàðîõîäà � îäèí ÷àñ, à âòîðîãî � äâà ÷àñà.

¡
¡

¡
¡

¡
¡

¡¡

y

x

Ðåøåíèå. Ïóñòü x � âðåìÿ ïðèáûòèÿ 1-ãî
ïàðîõîäà, y � âòîðîãî, 0 ≤ x, y ≤ 24. Åñëè
x ≤ y ≤ x + 1, òî æäåò 2-é ïàðîõîä. Åñëè
y ≤ x ≤ y + 2, òî æäåò ïåðâûé.

P (a) =
242 − 1

2232 − 1
2222

242
=

139
1152

.

Çàäà÷à 14.157. Äàíû äâå êîíöåíòðè÷åñêèå îêðóæíîñòè ðàäèó-
ñîâ r2 > r1. Íà áîëüøåé îêðóæíîñòè íàóäà÷ó ñòàâÿòñÿ äâå òî÷êè A
è B. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî îòðåçîê AB íå ïåðåñå÷åò ìàëóþ
îêðóæíîñòü?

¡
¡

¡ Ðåøåíèå. Èñêîìàÿ âåðîÿòíîñòü ðàâíà îòíî-
øåíèþ äëèíû äóãè áîëüøåé îêðóæíîñòè, ñòÿ-
ãèâàåìîé õîðäîé ê äëèíå ýòîé îêðóæíîñòè,
ïðè÷åì õîðäà êàñàåòñÿ ìåíüøåé îêðóæíîñòè.
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P =
2arcsin

√
1− (r1/r2)2

π
=

2
π

arccos
r1

r2
.

Çàäà÷à 2.15. Íà îòðåçîê [0,1] íàóäà÷ó áðîøåíà òî÷êà. Ïðåäïîëî-
æèâ, ÷òî åå êîîðäèíàòà ξ ðàâíîìåðíî ðàñïðåäåëåíà íà îòðåçêå [0,1],
íàéòè ôóíêöèè F (x) = P (ξ < x) è F ′(x) (−∞ < x < +∞).

Ðåøåíèå. F (x) = P (ξ < x) = 0, åñëè x ≤ 0. F (x) = |x − 0|/|1 −
0| = x, åñëè 0 < x ≤ 1. F (x) = 1, åñëè x > 1. F ′(x) = 0, åñëè x < 0
èëè x > 1, F ′(x) = 1, åñëè 0 < x < 1.

Çàäà÷à 2.17. Íà îòðåçîê [0,1] íàóäà÷ó áðîøåíû äâå òî÷êè, ðàç-
áèâøèå åãî íà òðè îòðåçêà. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî èç ýòèõ
îòðåçêîâ ìîæíî ïîñòðîèòü òðåóãîëüíèê? Çà ìíîæåñòâî Ω ïðèíÿòü
çíà÷åíèÿ ïàðû ÷èñåë (X1, X2), ÿâëÿþùèõñÿ êîîðäèíàòàìè òî÷åê íà
îòðåçêå [0,1]; ïðåäïîëîæèòü, ÷òî òî÷êà (X1, X2) ðàâíîìåðíî ðàñïðå-
äåëåíà íà êâàäðàòå Ω.

Ðåøåíèå. Ïóñòü äëÿ îïðåäåëåííîñòè X1 < X2, 0 ≤ X1 ≤ X2.
Èç òðåõ îòðåçêîâ ìîæíî ïîñòðîèòü òðåóãîëüíèê, åñëè ñóììà äëèí
ëþáûõ

¡
¡

¡
¡¡

¡
¡¡

p p

(1,1)(0,1)

(1,0)

x2

x1

x2x1 äâóõ îòðåçêîâ áîëüøå èëè ðàâíà äëèíå òðå-
òüåãî îòðåçêà. Äëèíû îòðåçêîâ ðàâíû X1,
X2 −X1, 1−X2. Äîëæíû âûïîëíÿòüñÿ íåðà-
âåíñòâà




X1 + (X2 −X1) ≥ 1−X2 → X2 ≥ 1/2
X1 + (1−X2) ≥ X2 −X1 → X2 −X1 ≤ 1/2
(X2 −X1) + (1−X2) ≥ X2 → X1 ≤ 1/2

.

Ïóñòü A îçíà÷àåò ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî òðè îòðåçêà ñîñòàâ-
ëÿþò òðåóãîëüíèê, òîãäà

A = {(X1, X2) : 0 ≤ X1 ≤ X2 ≤ 1, X1 ≤ 1/2,

X2 ≥ 1/2, X2 −X1 ≤ 1/2},
â òî âðåìÿ êàê

Ω = {(X1, X2) : 0 ≤ X1 ≤ X2 ≤ 1},
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çíà÷èò
P (A) = ïëîùàäü A/ïëîùàäü Ω = 1/4.

Çàäà÷à 2.21. Â óðíå M áåëûõ è N −M ÷åðíûõ øàðîâ. Ïî ñõåìå
ñëó÷àéíîãî âûáîðà ñ âîçâðàùåíèåì èç óðíû èçâëåêàåòñÿ n øàðîâ.
Íàéòè âåðîÿòíîñòü ñîáûòèé: 1) A={ïðè k-òîì èçâëå÷åíèè ïîÿâèëñÿ
áåëûé øàð}; 2) B={ïðè k-òîì è l-òîì èçâëå÷åíèè ïîÿâèëèñü áåëûå
øàðû); 3) C={ñðåäè n èçâëå÷åííûõ øàðîâ ðîâíî m áåëûõ}.

Ðåøåíèå. Ω = {ω : ω = (i1, i2, ..., ik), is = 1, 2, ..., N ; s =
1, 2, ..., n), |Ω| = Nn.

1) A = {ω = (i1, ..., ik−1, ik, ik+1, ..., in), ik = 1, 2, ..., M ; is =
1, 2, ..., N ; s = 1, 2, ..., k − 1, k + 1, ..., n}, |A| = MNn−1; P (A) = M/N.

2) |B| = M2Nn−2; P (B) = M2/N2.
3) |C| = Cm

n Mm(N −M)n−m; P (C) = Cm
n (M/N)m(1−M/N)n−m.

Çàäà÷à 2.24(à). Èñïîëüçóÿ òàáëèöó ñëó÷àéíûõ ÷èñåë, ïîëó÷èòü
ðåàëèçàöèþ îïûòà, îïèñàííîãî â çàäà÷å 2.21, åñëè N = 10, M =
3, n = 20. Ïî ïîëó÷åííîé ðåàëèçàöèè íàéòè ÷àñòîòó ïîÿâëåíèÿ áå-
ëîãî øàðà (îòíîøåíèå ÷èñëà áåëûõ øàðîâ â ïîëó÷åííîé ïîñëåäîâà-
òåëüíîñòè ê îáùåìó ÷èñëó n èçâëå÷åííûõ øàðîâ).

Ðåøåíèå. Ïóñòü áåëûå øàðû íóìåðîâàíû ÷èñëàìè 0, 1, 2. Â
òàáëèöå ñëó÷àéíûõ ÷èñåë èç ïåðâîé ñòðîêè âûïèñûâàåì 20 ÷èñåë:
10097325337652013586. Ñðåäè ýòèõ ÷èñåë êîëè÷åñòâî ÷èñåë, ìåíüøèõ
èëè ðàâíûõ 2, ðàâíî 7. Çíà÷èò, ÷àñòîòà ïîÿâëåíèÿ áåëîãî øàðà ðàâíà
7/20.

Çàäà÷è äîìàøíåãî çàäàíèÿ

Çàäà÷à 14.140 (ïðîäîëæåíèå). Â óñëîâèÿõ ïðåäûäóùåé çàäà÷è
íàéòè âåðîÿòíîñòü ñîáûòèÿ B = {(x, y) | xy < a, a > 0}.

Îòâåò: P (B) =
{

a(1− ln a), 0 < a ≤ 1,
1, a < 1.

Çàäà÷à 14.151. Â ñëó÷àéíûé ìîìåíò âðåìåíè x ∈ [0, T ] ïîÿâëÿ-
åòñÿ ðàäèîñèãíàë äëèòåëüíîñòüþ t1. Â ñëó÷àéíûé ìîìåíò âðåìåíè
y ∈ [0, T ] âêëþ÷àåòñÿ ïðèåìíèê íà âðåìÿ t2 < t1. Íàéòè âåðîÿòíîñòü
îáíàðóæåíèÿ ñèãíàëà, åñëè: à) ïðèåìíèê íàñòðàèâàåòñÿ ìãíîâåííî;
á) âðåìÿ íàñòðîéêè ïðèåìíèêà ðàâíî t3 (t3 < t2 < t1).
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Îòâåò: à) 1− 1
2(1− t1

T )2 − 1
2(1− t2

T )2; á) 1− 1
2(1− t1−t3

T )2 − 1
2(1− t2

T )2.

Çàäà÷à 14.158. Èç îòðåçêà [−1, 2] íàóäà÷ó âçÿòû äâà ÷èñëà. Êà-
êîâà âåðîÿòíîñòü òîãî, ÷òî èõ ñóììà áîëüøå åäèíèöû, à ïðîèçâåäåíèå
ìåíüøå åäèíèöû?

Îòâåò: 2
9 ln 2 + 1

6 ≈ 0.321.

Çàäà÷à 2.16 . Ñëó÷àéíàÿ òî÷êà a ñ êîîðäèíàòàìè (ξ1, ξ2) ðàâíî-
ìåðíî ðàñïðåäåëåíà â êâàäðàòå Ω = {(x1, x2) : 0 ≤ xi ≤ 1, i = 1, 2}.
Íàéòè ôóíêöèè F (x) = P{ξ1 + ξ2 < x), F ′(x)(−∞ < x < ∞).

Îòâåò: F ′(x) = x (0 ≤ x ≤ 1), F ′(x) = 2− x (1 ≤ x ≤ 2).

Çàäà÷à 2.18. Íà áåñêîíå÷íóþ øàõìàòíóþ äîñêó ñî ñòîðîíîé
êâàäðàòà a íàóäà÷ó áðîñàåòñÿ ìîíåòà ðàäèóñà r, 2r < a. Íàéòè âåðî-
ÿòíîñòü òîãî, ÷òî: 1) ìîíåòà öåëèêîì ïîïàäåò âíóòðü îäíîãî êâàäðà-
òà; 2) ïåðåñå÷åò íå áîëåå îäíîé ñòîðîíû êâàäðàòà.

Îòâåò: 1) (1− 2r
a )2, 2) 1− 4r2

a2 .

Çàäà÷à 2.20 (Ïàðàäîêñ Áåðòðàíà). Â êðóãå ðàäèóñà R ñëó÷àéíî
ïðîâîäèòñÿ õîðäà. Îáîçíà÷èì ÷åðåç ξ åå äëèíó. Íàéòè âåðîÿòíîñòü
òîãî, ÷òî äëèíà õîðäû áîëüøå ñòîðîíû ïðàâèëüíîãî âïèñàííîãî øå-
ñòèóãîëüíèêà, åñëè: à) ñåðåäèíà õîðäû ðàâíîìåðíî ðàñïðåäåëåíà â
êðóãå; á) íàïðàâëåíèå õîðäû çàäàíî, à åå ñåðåäèíà ðàâíîìåðíî ðàñ-
ïðåäåëåíà íà äèàìåòðå, ïåðïåíäèêóëÿðíîì åå íàïðàâëåíèþ; â) îäèí
êîíåö õîðäû çàêðåïëåí, à äðóãîé ðàâíîìåðíî ðàñïðåäåëåí íà îêðóæ-
íîñòè.

Âåðîÿòíîñòü çàâèñèò îò èíòåðïðåòàöèè ñëîâà �ñëó÷àéíî�, è åå ÷èñ-
ëîâûå çíà÷åíèÿ ðàçëè÷íû â ñëó÷àÿõ à), á), â).

Îòâåò: à) 3
4 , á)

√
3

2 , â) 2
3 .

Çàäà÷à 2.22. Ðåøèòü çàäà÷ó 21 â ñëó÷àå âûáîðà áåç âîçâðàùå-
íèÿ.

Îòâåò: P (A) = M
N ; P (B) = M(M−1)

N(N−1) ; P (C) =
Cm

MCn−m
NM

Cm
N

.

Çàäà÷à 2.24(á). Ðåøèòü çàäà÷ó 2.24(à), âçÿâ á) N = 100,M =
35, n = 20.
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2.2 Óñëîâíàÿ âåðîÿòíîñòü. Âåðîÿòíîñòü ïðîèçâåäåíèÿ
P (B|A) � òàê îáîçíà÷àþò âåðîÿòíîñòü ñîáûòèÿ B ïðè óñëîâèè, ÷òî

ñîáûòèå A ïðîèçîøëî. Íàçîâ¼ì åãî óñëîâíîé âåðîÿòíîñòüþ ñîáûòèÿ
B ïðè óñëîâèè, ÷òî ñîáûòèå A ïðîèçîøëî.

Îïðåäåëåíèå: ∀A,B ∈ A, P (A) 6= 0 ïîëàãàåòñÿ P (B|A) = P (AB)
P (A) .

Åñëè P (B|A) = P (B), òî ãîâîðÿò, ÷òî B íå çàâèñèò îò A. Íî åñëè
òàê, òî P (AB) = P (A)P (B|A) = P (A)P (B). Òîãäà P (A|B) = P (A),
ò.å. A òîæå íå çàâèñèò îò B. Ïîýòîìó ãîâîðÿò ïðîñòî, ÷òî A è B
íåçàâèñèìû. Çíà÷èò, åñëè P (AB) = P (A)P (B), òî ýòî åñòü íåîáõîäè-
ìîå è äîñòàòî÷íîå óñëîâèå òîãî, ÷òî A è B íåçàâèñèìû. Ôîðìóëû ñ
óñëîâíîé âåðîÿòíîñòüþ:

P (AB) = P (A)P (B|A),

P (ABC) = P (A)P (B|A)P (C|AB),

P (ABCD) = P (A)P (B|A)P (C|AB)P (D|ABC).

Îïðåäåëåíèå. Ñîáûòèÿ A1, A2, ..., An � íåçàâèñèìû, åñëè äëÿ
âñåõ êîìáèíàöèé èíäåêñîâ 1 ≤ i1 < · · · < ik ≤ n (k = 2, ..., n) èìååò
ìåñòî ñîîòíîøåíèå:

P (Ai1Ai2 · · ·Aik) = P (Ai1)P (Ai2) · · ·P (Aik).

Ôîðìóëà ïîëíîé âåðîÿòíîñòè. Ôîðìóëà Áàéeñà.
Òåîðåìà. Ïóñòü A � ïðîèçâîëüíîå ñîáûòèå, ñîáûòèÿ B1, ..., Bn

� íåñîâìåñòíû ìåæäó ñîáîé, (Bi) 6= 0, B1 + · · ·+ Bn ⊂ A. Òîãäà

P (A) =
n∑

i=1

P (Bi)P (A|Bi) − ôîðìóëà ïîëíîé âåðîÿòíîñòè.

Äîêàçàòåëüñòâî. A = A
n∑

i=1
Bi =

n∑
i=1

ABi, P (A) = P (
n∑

i=1
ABi) =

n∑
i=1

P (ABi) =
n∑

i=1
P (Bi)P (A|Bi).
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Òåîðåìà. Ïðè âûïîëíåíèè óñëîâèé ïðåäûäóùåé òåîðåìû èìååò
ìåñòî:

P (Bk|A) =
P (Bk)P (A|Bk)
n∑

i=1
P (Bi)P (A|Bi)

− ôîðìóëà Áàéåñà.

Äîêàçàòåëüñòâî ñëåäóåò èç

P (Bi|A)P (A) = P (ABi) = P (Bi)P (A|Bi).

2.2.1 3-å ïðàêòè÷åñêîå çàíÿòèå. Óñëîâíûå âåðîÿòíîñòè
Çàäà÷à 14.164. Âåðîÿòíîñòü ïîïàñòü â ñàìîëåò ðàâíà 0.4, à âåðî-

ÿòíîñòü åãî ñáèòü ðàâíà 0.1. Íàéòè âåðîÿòíîñòü òîãî, ÷òî ïðè ïîïà-
äàíèè â ñàìîëåò îí áóäåò ñáèò.

Ðåøåíèå. A ={ïîïàäàíèå â ñàìîëåò}, B = {ñàìîëåò ñáèò ïðè
ïîïàäàíèè}. P (B|A) = P (AB)/P (A) = P (B)/P (A) = 1/4.

Çàäà÷à 14.168. Èç ìíîæåñòâà ÷èñåë {1, 2, ..., N} ïî ñõåìå ñëó÷àé-
íîãî âûáîðà áåç âîçâðàùåíèÿ âûáèðàþò òðè ÷èñëà. Íàéòè óñëîâíóþ
âåðîÿòíîñòü òîãî, ÷òî òðåòüå ÷èñëî ïîïàäàåò â èíòåðâàë, îáðàçîâàí-
íûé ïåðâûìè äâóìÿ, åñëè èçâåñòíî, ÷òî ïåðâîå ÷èñëî ìåíüøå âòîðî-
ãî.

Ðåøåíèå. A ={ïåðâîå ÷èñëî ìåíüøå âòîðîãî}, B ={òðåòüå ÷èñ-
ëî ïîïàäàåò â èíòåðâàë, îáðàçóåìûé ïåðâûìè äâóìÿ}. (123), (132),
(231). P (B|A) = 1/3.

Çàäà÷à 14.179. Èç 100 ñòóäåíòîâ, íàõîäÿùèõñÿ â àóäèòîðèè, 50
÷åëîâåê çíàþò àíãëèéñêèé ÿçûê, 40 � ôðàíöóçñêèé è 36 � íåìåö-
êèé. Àíãëèéñêèé è ôðàíöóçñêèé ÿçûêè çíàþò 20 ñòóäåíòîâ, àíãëèé-
ñêèé è íåìåöêèé � 8, ôðàíöóçñêèé è íåìåöêèé � 10. Âñå òðè ÿçûêà
çíàþò 5 ÷åëîâåê. Îäèí èç ñòóäåíòîâ âûøåë èç àóäèòîðèè. Ðàññìîò-
ðèì ñëåäóþùèå ñîáûòèÿ: E ={âûøåäøèé çíàåò àíãëèéñêèé ÿçûê},
F = {âûøåäøèé çíàåò ôðàíöóçñêèé ÿçûê}, D = {âûøåäøèé çíàåò
íåìåöêèé ÿçûê}. Íåîáõîäèìî: à) óêàçàòü âñå ïàðû íåçàâèñèìûõ ñî-
áûòèé; á) óñòàíîâèòü, ÿâëÿþòñÿ ëè ñîáûòèÿ E, F è D íåçàâèñèìûìè
â ñîâîêóïíîñòè.

Ðåøåíèå.
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à) P (E) = 0.5, P (F ) = 0.4, P (D) = 0.36, P (EF ) = 0.2, P (ED) =
0.08, P (FD) = 0.1, P (EFD) = 0.06. E è F íåçàâèñèìû.

á) íåò, òàê êàê P (E)P (F )P (D) = 0.07 6= 0.06.
Çàäà÷à 14.182. Â ÿùèêå ëåæàò 12 êðàñíûõ, 8 çåëåíûõ è 10 ñèíèõ

øàðîâ. Íàóäà÷ó âûíèìàþòñÿ äâà øàðà. Íàéòè âåðîÿòíîñòü òîãî, ÷òî
áóäóò âûíóòû øàðû ðàçíîãî öâåòà, ïðè óñëîâèè, ÷òî íå âûíóò ñèíèé
øàð.

Ðåøåíèå. B = {íå âûíóò ñèíèé øàð}, A ={øàðû ðàçíîãî öâåòà}.

P (A|B) =
P (AB)
P (B)

=
C1

12C
1
2

C2
20

=
3 · 8 · 2
5 · 19

=
48
95

.

Çàäà÷à 3.1. Áðîøåíî äâå èãðàëüíûå êîñòè. Êàêîâà âåðîÿòíîñòü
òîãî, ÷òî âûïàëî äâà ðàçà �3�, åñëè èçâåñòíî, ÷òî ñóììà âûïàâøèõ
î÷êîâ äåëèòñÿ íà 3?

Ðåøåíèå. A ={ñóììà âûïàâøèõ î÷êîâ äåëèòñÿ íà 3}= {(1,2),
(1,5),(2,4), (3,3),(3,6),(4,5), äàëåå òå æå ïàðû, íî öèôðû çàïèñàíû
â îáðàòíîì ïîðÿäêå}. |A| = 12, B = {(3, 3)}, |Ω| = 36, P (B|A) =
P (AB)/P (A) = P (B)/P (A) = 1/12.

Çàäà÷à 3.7. Ñëó÷àéíàÿ òî÷êà (ξ1, ξ2) èìååò ðàâíîìåðíîå ðàñïðå-
äåëåíèå â êâàäðàòå {(x1, x2) : 0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1}. Ïóñòü
C1 = (ξ1 ≤ 1/2), C2 = (ξ2 ≤ 1/2), C3 = ((ξ1 − 1/2)(ξ2 − 1/2) < 0). Ïî-
êàçàòü, ÷òî ñîáûòèÿ C1, C2, C3 ïîïàðíî íåçàâèñèìû. ßâëÿþòñÿ ëè
ñîáûòèÿ C1, C2, C3 âçàèìíî íåçàâèñèìûìè? Çàâèñèìû ëè ñîáûòèÿ
C1C2 è C3?

Ðåøåíèå.
P (C1) = P (C2) = P (C3) = 1/2,

P (C1C2) = P (C1C3) = P (C2C3) = 1/4,

P (C1C2C3) = 0 6= P (C1)P (C2)P (C3) = 1/8.

Êàê ñîáûòèÿ C1, C2, C3, òàê è ñîáûòèÿ C1C2, C3 çàâèñèìû.
Çàäà÷à 3.10. Ýëåìåíòû A1 è A2 ýëåêòðè÷åñêîé öåïè ñîåäèíåíû

ïàðàëëåëüíî, à A3 ïðèñîåäèíåí ê íèì ïîñëåäîâàòåëüíî. Âåðîÿòíîñòü
âûõîäà èç ñòðîÿ çà äàííûé ïåðèîä âðåìåíè ýëåìåíòà Ak ðàâíà pk,
k = 1, 2, 3. Ïðåäïîëàãàåòñÿ, ÷òî ýëåìåíòû âûõîäÿò èëè íå âûõîäÿò
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èç ñòðîÿ íåçàâèñèìî äðóã îò äðóãà. Íàéòè âåðîÿòíîñòü òîãî, ÷òî çà
ðàññìàòðèâàåìûé ïåðèîä ïî öåïè áóäåò ïðîõîäèòü òîê.

A1

A2

A3

Ðåøåíèå. Ïóñòü Ak îçíà÷àåò ñîáûòèå, ñî-
ñòîÿùåå â òîì, ÷òî k-é ýëåìåíò íåèñïðàâåí.
A={ïðîõîäèò òîê}, A = Ā3(Ā1 + Ā2). P (A) =
P (Ā3)P (Ā1 + Ā2) = (1 − p3)(1 − p1 + 1 − p2 −
(1− p1)(1− p2)) = (1− p3)(1− p1p2).

Çàäà÷à 3.16. Ïî êàíàëó ñâÿçè ìîæåò áûòü ïåðåäàíà îäíà èç òðåõ
ïîñëåäîâàòåëüíîñòåé áóêâ: AAAA, BBBB, CCCC. Èçâåñòíî, ÷òî âå-
ðîÿòíîñòü êàæäîé èç ïîñëåäîâàòåëüíîñòåé ðàâíà ñîîòâåòñòâåííî 0.3,
0.4, 0.3. Â ðåçóëüòàòå øóìîâ áóêâà ïðèíèìàåòñÿ ïðàâèëüíî ñ âåðî-
ÿòíîñòüþ 0.6. Âåðîÿòíîñòè ïðèåìà ïåðåäàííîé áóêâû çà äâå äðóãèå
ðàâíû 0.2 è 0.2. Ïðåäïîëàãàåòñÿ, ÷òî áóêâû èñêàæàþòñÿ íåçàâèñèìî
äðóã îò äðóãà. Íàéòè âåðîÿòíîñòü òîãî, ÷òî ïåðåäàíî AAAA, åñëè íà
ïðèåìíîì óñòðîéñòâå ïîëó÷åíî ABCA.

Ðåøåíèå.

P (AAAA|ABCA) = {P (AAAA)P (ABCA|AAAA)}+

+{P (AAAA)P (ABCA|AAAA) + P (BBBB)P (ABCA|BBBB)+

+P (CCCC)P (ABCA|CCCC)} =

0.3 · 0.6 · 0.2 · 0.2 · 0.6
0.3 · 0.6 · 0.2 · 0.2 · 0.6 + 0.4 · 0.2 · 0.6 · 0.2 · 0.2 + 0.3 · 0.2 · 0.2 · 0.6 · 0.2

=

=
9
16

.

Çàäà÷à 3.18. Íà îäíó òåëåôîííóþ ëèíèþ ìîãóò ïîñòóïàòü âûçî-
âû äâóõ òèïîâ: ñðî÷íûå è ïðîñòûå. Ïðè ïîñòóïëåíèè ñðî÷íîãî âûçî-
âà ðàçãîâîð ïî ïðîñòîìó âûçîâó ïðåêðàùàåòñÿ. Âåðîÿòíîñòè ïîñòóï-
ëåíèÿ çà âðåìÿ (t, t+h) ñðî÷íîãî è ïðîñòîãî âûçîâîâ ðàâíû ñîîòâåò-
ñòâåííî α1 · h + o(h), α2 · h + o(h), h → 0; âåðîÿòíîñòü ïðåêðàùåíèÿ
ëþáîãî ðàçãîâîðà çà âðåìÿ (t, t + h) ðàâíà β · h + o(h). Ïóñòü P0(t),
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P1(t), P2(t) � âåðîÿòíîñòè òîãî, ÷òî â ìîìåíò t ëèíèÿ ñâîáîäíà, çàíÿ-
òà ñðî÷íûì âûçîâîì, çàíÿòà ïðîñòûì âûçîâîì. Íàïèñàòü äëÿ Pk(t)
äèôôåðåíöèàëüíûå óðàâíåíèÿ è íàéòè πk = lim

t→∞Pk(t); k = 0, 1, 2.

Ðåøåíèå. Ïðèìåíÿÿ ôîðìóëó ïîëíîé âåðîÿòíîñòè, ìîæåì çàïè-
ñàòü:

P0(t + h) = P0(t)P (âûçîâ íå ïîñòóïèë)+

+P1(t)P (ñðî÷íûé âûçîâ ïðåêðàòèëñÿ)+
+P2(t)P (ïðîñòîé âûçîâ ïðåêðàòèëñÿ) =

P0(t)(1− (α1 + α2)h + · · · ) + P1(t)(βh + · · · ) + P2(t)(βh + · · · ) =

= P0(t) + h[−(α1 + α2)P0(t) + βP1(t) + βP2(t) + · · · ].

P ′
0(t) = lim

h→0

P0(t + h)− P0(t)
h

= −(α1 + α2)P0(t) + βP1(t) + βP2(t).

P ′
1(t) = α1P0(t)− βP1(t) + α1P2(t),

P ′
2(t) = α2P0(t)− (β + α1)P2(t).

Â ïðåäåëå Pi(t) → πi, π0 + π1 + π2 = 1. Ïîëó÷àþòñÿ óðàâíåíèÿ

−(α1 + α2)π0 + β(π1 + π2) = 0, α2π0 − (β + α1)π2 = 0,

îòêóäà π0 = β
α1+α2+β , π1 = α1

α1+β , π2 = α2
α1+β π0.

Çàäà÷è äîìàøíåãî çàäàíèÿ.

Çàäà÷à 14.165. Âåðîÿòíîñòü òîãî, ÷òî ïðèáîð íå îòêàæåò ê ìî-
ìåíòó âðåìåíè t1, ðàâíà 0.8, à âåðîÿòíîñòü òîãî, ÷òî îí íå îòêàæåò
ê ìîìåíòó âðåìåíè t2(t2 > t1), ðàâíà 0.6. Íàéòè âåðîÿòíîñòü òîãî,
÷òî ïðèáîð, íå îòêàçàâøèé ê ìîìåíòó âðåìåíè t1, íå îòêàæåò è ê
ìîìåíòó âðåìåíè t2.

Îòâåò: 3
4 .

Çàäà÷à 14.169. Ïîäáðàñûâàþò íàóäà÷ó òðè èãðàëüíûå êîñòè.
Íàáëþäàåìûå ñîáûòèÿ: A={íà òðåõ êîñòÿõ âûïàäóò ðàçíûå ãðàíè},
B ={õîòÿ áû íà îäíîé èç êîñòåé âûïàäåò øåñòåðêà}. Âû÷èñëèòü
P (B|A) è P (A|B).
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Îòâåò: P (B|A) = 0.5, P (A|B) = 60
91 .

Çàäà÷à 14.176. Èç êîëîäû â 36 êàðò íàóäà÷ó èçâëåêàåòñÿ îäíà
êàðòà. Ñîáûòèÿ: A={âûíóòàÿ êàðòà � òóç}, B={âûíóòàÿ êàðòà �
÷åðíîé ìàñòè}, F={âûíóòàÿ êàðòà � ôèãóðà, ò.å. ÿâëÿåòñÿ âàëåòîì,
äàìîé, êîðîëåì èëè òóçîì}. Óñòàíîâèòü, çàâèñèìû èëè íåçàâèñèìû
ñëåäóþùèå òðè ïàðû ñîáûòèé: A è B, A è F, F è B.

Îòâåò: A è B, F è B � íåçàâèñèìû, A è F � çàâèñèìû.

Çàäà÷à 14.183. Íà øàõìàòíóþ äîñêó íàóäà÷ó ñòàâÿòñÿ äâà ñëîíà
� áåëûé è ÷åðíûé. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî ñëîíû íå ïîáüþò
äðóã äðóãà, ïðè óñëîâèè, ÷òî áåëûé ñëîí ïîïàäåò íà îäíî èç êðàéíèõ
ïîëåé äîñêè?

Îòâåò: 3
4 .

Çàäà÷à 3.2. Èçâåñòíî, ÷òî ïðè áðîñàíèè 10 èãðàëüíûõ êîñòåé ïî-
ÿâèëàñü ïî êðàéíåé ìåðå îäíà �1�. Êàêîâà âåðîÿòíîñòü òîãî, ÷òî ïî-
ÿâèëîñü äâå èëè áîëåå �1�?

Îòâåò: 0.61477....

Çàäà÷à 3.5. Äîêàçàòü, ÷òî ñîáûòèÿ A è B̄ íåçàâèñèìû, åñëè íåçà-
âèñèìû ñîáûòèÿ A è B.

Çàäà÷à 3.9. Ñîáûòèÿ A1, A2, A3, A4 âçàèìíî íåçàâèñèìû: P (Ak) =
pk, k = 1, 2, 3, 4. Íàéòè âåðîÿòíîñòè ñîáûòèé: 1) A1A3A4, 2) A1 + A2,
3) (A1 + A2)(A3 + A4).

Îòâåò: 1) p1(1− p3)p4, 2) p1 + p2 − p1p2,
3) (p1 + p2 − p1p2)(p3 + p4 − p3p4).

Çàäà÷à 3.17. Âåðîÿòíîñòü òîãî, ÷òî ìîëåêóëà, èñïûòàâøàÿ â ìî-
ìåíò t = 0 ñòîëêíîâåíèå ñ äðóãîé ìîëåêóëîé è íå èìåâøàÿ äðóãèõ
ñòîëêíîâåíèé äî ìîìåíòà t, èñïûòàåò ñòîëêíîâåíèå â ïðîìåæóòîê
âðåìåíè (t, t + h), ðàâíà λh + o(h), h → 0. Íàéòè âåðîÿòíîñòü òîãî,
÷òî âðåìÿ ñâîáîäíîãî ïðîáåãà áóäåò áîëüøå t.

Îòâåò: e−λt.
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Çàäà÷à 3.19. Âåðîÿòíîñòü ïîñòóïëåíèÿ íà òåëåôîííóþ ëèíèþ
îäíîãî âûçîâà çà âðåìÿ (t, t + h) ðàâíà λh + o(h), h → 0. Båðîÿò-
íîñòü òîãî, ÷òî íè îäèí âûçîâ çà âðåìÿ (t, t + h) íå ïîñòóïèò, ðàâíà
1 − λh + o(h). Åñëè ëèíèÿ çàíÿòà, òî âûçîâû ñòàíîâÿòñÿ â î÷åðåäü.
Åñëè â ìîìåíò t åùå ïðîäîëæàåòñÿ ðàçãîâîð, òî çà âðåìÿ (t, t + h)
îí îêîí÷èòñÿ ñ âåðîÿòíîñòüþ βh + o(h), h → 0. Âûçîâû ïîñòóïàþò
íåçàâèñèìî äðóã îò äðóãà. Îáîçíà÷èì Pk(t) âåðîÿòíîñòü òîãî, ÷òî â
ìîìåíò t îäèí âûçîâ îáñëóæèâàåòñÿ è k − 1 âûçîâîâ îáðàçóþò î÷å-
ðåäü (k ≥ 1; P0(t) � âåðîÿòíîñòü òîãî, ÷òî ëèíèÿ ñâîáîäíà). Ñîñòà-
âèòü äëÿ Pk(t) äèôôåðåíöèàëüíûå óðàâíåíèÿ. Íàéòè lim

t→∞Pk(t) = πk,
åñëè Θ = α/β < 1.

Îòâåò: π0 = 1− θ, πk = (1− θ)θk, k ≥ 1.

2.3 Ïîñëåäîâàòåëüíîñòü èñïûòàíèé
Ìàòåìàòè÷åñêàÿ ìîäåëü ïîñëåäîâàòåëüíîñòè èç n èñïûòà-
íèé. Ïóñòü èìååòñÿ îïûò ñ N íåñîâìåñòíûìè èñõîäàìè. Ýòè èñõîäû
íóìåðóþòñÿ ÷èñëàìè 1, 2, ..., N. Ïðîâåäåíî n èñïûòàíèé, â êàæäîì
èç êîòîðûõ ìîæåò ïîÿâèòüñÿ îäèí èç ýòèõ èñõîäîâ. Ñåðèþ èç n èñ-
ïûòàíèé ìîæíî îïèñàòü ïîñëåäîâàòåëüíîñòüþ ω = (i1, i2, ..., ik), 1 ≤
ik ≤ N, k = 1, ..., n. Ωn = {ω}.

P (ω) = P (i1)P (i2|i1)P (i3|i1i2) · · ·P (ik|i1 · · · ik−1),

N∑

is=1

P (is|i1 · · · is−1) = 1.

Åñëè P (A) =
∑

ω∈A

P (ω), A ⊂ Ωn, òî ìû èìååì âåðîÿòíîñòíîå ïðî-

ñòðàíñòâî (Ω,A, P ) − ìîäåëü ïîñëåäîâàòåëüíîñòè èç n èñïûòàíèé.
Óïðîùàþùèå ïðåäïîëîæåíèÿ:
1) P (is) = P (is|i1 · · · ßs−1) � èñïûòàíèÿ íåçàâèñèìû;
2) P (is) íå çàâèñÿò îò íîìåðà èñïûòàíèÿ, ÷òî èíòåðïðåòèðóåòñÿ

êàê îäíîðîäíîñòü èñïûòàíèé. Îáîçíà÷èì pi = P (i).
Î÷åâèäíî p1 + · · ·+ pN = 1, P (ω) = pi1pi2 · · · pin .
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Åñëè N = 2, òî ãîâîðÿò, ÷òî èñïûòàíèÿ ïîä÷èíÿþòñÿ ñõåìå Áåð-
íóëëè, N > 2 � ïîëèíîìèàëüíîé ñõåìå.

Ñõåìà Áåðíóëëè. N = 2. Äâà èñõîäà, êîòîðûå îáîçíà÷àþò êàê:
1,2 èëè óñïåõ, íåóñïåõ, èëè âûèãðûø, ïðîèãðûø, èëè {A, Ā}. Ïóñòü
m � ÷èñëî óñïåõîâ ïðè n èñïûòàíèÿõ

Òåîðåìà. Âåðîÿòíîñòü Pn(m) òîãî, ÷òî ïðè n èñïûòàíèÿõ ïðî-
èçîøëî m óñïåõîâ, ðàâíà Pn(m) = Cm

n pm(1− p)n−m.
Äîêàçàòåëüñòâî. P (ω) = P (AA · · ·A︸ ︷︷ ︸

m

ĀĀ · · · Ā︸ ︷︷ ︸
n−m

) = pmqn−m, è ÷èñ-

ëî ñîáûòèé ω ñ òàêîé âåðîÿòíîñòüþ åñòü Cm
n .

Ïîëèíîìèàëüíàÿ ñõåìà. Ïóñòü ξi � ÷èñëî ñëó÷àåâ, êîãäà ïðè
n èñïûòàíèÿõ ïðîèçîøëî ñîáûòèå ñ íîìåðîì i. Òîãäà

P (ξ1 = m1, ξ2 = m2, ..., ξN = mN ) =
n!

m1!m2! · · ·mN !
pm1
1 pm2

2 · · · pmN
N .

Äîêàçàòåëüñòâî àíàëîãè÷íî.
Òåîðåìà Ïóàññîíà. Ïóñòü â ñõåìå Áåðíóëëè: n → ∞, p → 0,

íî np → λ > 0, òîãäà Pn(m) → pm(λ) = λm

m! e
−λ.

Äîêàçàòåëüñòâî.

Cm
n pmqn−m =

n(n− 1) · · · (n−m + 1)
m!

pm(1− p)n−m =

=
n(n− 1) · · · (n−m + 1)

nm
· 1
m!

· (np)m ·
[(

1− np

n

)− n
np

]−np
n

(n−m)

→

→ 1
m!

(λ)me−λ.

Ëîêàëüíàÿ ïðåäåëüíàÿ òåîðåìà Ìóàâðà- Ëàïëàñà. Ïóñòü
â ôîðìóëå Áåðíóëëè Pn(m) = Cm

n pmqn−m äåëàåòñÿ äîïóùåíèå, ÷òî
n, m → ∞ òàê, ÷òî âåëè÷èíà xm = m−np√

npq ðàâíîìåðíî îãðàíè÷åíà:
ñóùåñòâóþò êîíå÷íûå ÷èñëà a è b, òàêèå, ÷òî a ≤ xm ≤ b, òîãäà

Pn(m)

(2πnpq)−
1
2 e−

x2
m
2

→ 1 ïðè n →∞.
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Äîêàçàòåëüñòâî. Èìåþò ìåñòî äîêàçûâàåìûå â ìàòåìàòè÷åñêîì
àíàëèçå ôîðìóëà Ñòèðëèíãà

ln n! = ln
√

2πn + n lnn− n + O(
1
n

)

è ïðèáëèæåííàÿ ôîðìóëà

ln(1 + x) ≈ x− x2

2
.

Ìîæíî íàïèñàòü

m = np + xm
√

npq = np

(
1 + xm

√
q

np

)
,

òîãäà
lnm = ln np + xm

√
q

np
− x2

m

2
q

np
+ · · · .

Âû÷èñëÿåì lnm! :

lnm! ≈ ln
√

2π +
1
2

(
lnnp + xm

√
q

np
− x2

m

2
q

np

)
+

+np

(
1 + xm

√
q

np

)(
lnnp + xm

√
q

np
− x2

m

2
q

np

)
−

−np− xm
√

npq ≈

≈ ln
√

2π +
1
2

lnnp + np lnnp +
x2

mq

2
+ xm

√
npq ln np− np.

Àíàëîãè÷íûì îáðàçîì âû÷èñëÿåì

ln(n−m)! ≈ ln
√

2π +
1
2

(
ln nq − xm

√
p

nq
− x2

m

2

√
p

nq

)
+

+(nq − xm
√

npq)
(

ln nq − xm

√
p

nq
− x2

m

2
p

nq

)
− nq + xm

√
npq ≈

≈ ln
√

2π +
1
2

ln nq + nq lnnq − xm
√

npq lnnq +
x2

mp

2
− nq.
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Ïðåäñòàâëÿÿ Pn(m) â âèäå Pn(m) = n!
m!(n−m)!p

mqn−m, ïðèõîäèì ê
ñëåäóþùåìó ðåçóëüòàòó:

ln Pn(m) = − ln
√

2πnpq − x2
m

2
+ · · · ,

îòêóäà ñëåäóåò, ÷òî

Pn(m) ≈ 1√
2πnpq

e−
x2

m
2 .

Èíòåãðàëüíàÿ ïðåäåëüíàÿ òåîðåìà Ìóàâðà-Ëàïëàñà. Ïðè
îáîçíà÷åíèÿõ ïðåäûäóùåé òåîðåìû èìååò ìåñòî

lim
n→∞P (a < xm < b) =

1√
2π

b∫

a

e−
u2

2 du = Φ(b)− Φ(a),

ãäå Φ(x) =
x∫
0

e−
u2

2 du.

Ôóíêöèÿ Φ(x) íàçûâàåòñÿ ôóíêöèåé Ëàïëàñà, â ñïðàâî÷íèêàõ è
ó÷åáíèêàõ ïî òåîðèè âåðîÿòíîñòè ìîæíî íàéòè òàáëèöû çíà÷åíèé
ýòîé ôóíêöèè.

Òåîðåìó ïðèìåì áåç äîêàçàòåëüñòâà, â áóäóùåì ìû ïîëó÷èì åå
êàê ÷àñòíûé ñëó÷àé áîëåå îáùåé öåíòðàëüíîé ïðåäåëüíîé òåîðåìû.

Ïðèìåð. Â ïîñåëêå A 2500 æèòåëåé. Êàæäûé èç íèõ ïðèìåðíî
6 ðàç â ìåñÿö åçäèò íà ïîåçäå â ãîðîä B, âûáèðàÿ äíè ïîåçäîê ïî
ñëó÷àéíûì ìîòèâàì, íåçàâèñèìî îò îñòàëüíûõ æèòåëåé. Êàêîé íàè-
ìåíüøåé âìåñòèòåëüíîñòüþ äîëæåí îáëàäàòü ïîåçä, ÷òîáû îí ïåðå-
ïîëíÿëñÿ â ñðåäíåì íå ÷àùå îäíîãî ðàçà â 100 äíåé. Ïîåçä èäåò ðàç
â ñóòêè.

Ðåøåíèå. Ïîåçäêó æèòåëÿ íàçîâåì óñïåõîì è âåðîÿòíîñòü óñïå-
õà ðàâíà p = 6/30 = 1/5, à âåðîÿòíîñòü íåóñïåõà ðàâíà q = 4/5.
×èñëî èñïûòàíèé åñòü n = 2500, òîãäà √npq = 20. Ïóñòü k � íàè-
ìåíüøàÿ âìåñòèìîñòü ïîåçäà, m � ÷èñëî ïàññàæèðîâ. Òîãäà

P (m ≥ k) = P

(
xm ≥ a =

k − np√
npq

)
≈ 1

2π

∞∫

a

e−
x2

2 dx =
1
2
−Φ(a) ≤ 0.01,
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îòêóäà Φ(a) ≥ 0.49. Èç òàáëèöû çíà÷åíèé ôóíêöèè Ëàïëàñà íàõîäèì,
÷òî a ≥ 2.32. Òàê êàê a = k−500

20 , òî k ≥ 546.5.

2.3.1 4-îå ïðàêòè÷åñêîå çàíÿòèå. Ïîñëåäîâàòåëüíîñòü èñ-
ïûòàíèé

Çàäà÷à 14.312. Äëÿ ñòðåëêà, âûïîëíÿþùåãî óïðàæíåíèå â òèðå,
âåðîÿòíîñòü ïîïàñòü â �ÿáëî÷êî� ïðè îäíîì âûñòðåëå íå çàâèñèò îò
ðåçóëüòàòîâ ïðåäøåñòâóþøèõ âûñòðåëîâ è ðàâíà p = 1/4. Ñïîðòñìåí
ñäåëàë 5 âûñòðåëîâ. Íàéòè âåðîÿòíîñòü ñîáûòèé: A =({ðîâíî îäíî
ïîïàäàíèå}, B ={ðîâíî äâà ïîïàäàíèÿ}.

Ðåøåíèå. p = 1/4, q = 3/4, n = 5. P (A) = C1
5pq4 = 5 · 34

45 = 405
1024 ,

P (B) = C2
5p2q3 = 10 · 33

45 = 135
512 .

Çàäà÷à 14.320. Â ÿ÷åéêó ïàìÿòè ÝÂÌ çàïèñûâàåòñÿ 8-ðàçðÿäíîå
äâîè÷íîå ÷èñëî. Çíà÷åíèÿ 0 è 1 â êàæäîì ðàçðÿäå ïîÿâëÿþòñÿ ñ
ðàâíîé âåðîÿòíîñòüþ. Ñëó÷àéíàÿ âåëè÷èíà Õ � ÷èñëî åäèíèö â çà-
ïèñè äâîè÷íîãî ÷èñëà. Íàéòè âåðîÿòíîñòü ñîáûòèé: A = {X = 4},
B = {X > 4}.

Ðåøåíèå. n = 8. p = q = 0.5, P (A) = C4
8p4q4 = 8·7·6·5

4!·28 = 35
128 ,

P (B) = 1
2(1− P (A)) = 93

256 .
Çàäà÷à 14.338. Ïðîèçâîäèòñÿ ñòðåëüáà èç îðóäèÿ ïî óäàëÿþ-

ùåéñÿ öåëè. Ïðè ïåðâîì âûñòðåëå âåðîÿòíîñòü ïîïàäàíèÿ ðàâíà 0.8,
ïðè êàæäîì ñëåäóþùåì âûñòðåëå âåðîÿòíîñòü ïîïàäàíèÿ óìåíüøà-
åòñÿ â 2 ðàçà. Ñëó÷àéíàÿ âåëè÷èíà Õ � ÷èñëî ïîïàäàíèé â öåëü ïðè
äâóõ âûñòðåëàõ. Îïèñàòü çàêîí ðàñïðåäåëåíèÿ.

Ðåøåíèå. Âîçìîæíûå çíà÷åíèÿ Õ: 0, 1, 2. P (X = 0) = 0.2 · 0.6 =
0.12, P (X = 1) = 0.2 · 0.4+0.8 · 0.6 = 0.56, P (X = 2) = 0.8 · 0.4 = 0.32.

Çàäà÷à 4.1. Äâà èãðîêà, ïîî÷åðåäíî èçâëåêàþò øàðû (áåç âîç-
âðàùåíèÿ) èç óðíû, ñîäåðæàùåé 2 áåëûõ è 4 ÷åðíûõ øàðà. Âûèãðû-
âàåò òîò, êòî ïåðâûì âûíåò áåëûé øàð. Íàéòè âåðîÿòíîñòü âûèãðû-
øà ó÷àñòíèêà, íà÷àâøåãî èãðó.

Ðåøåíèå. Ïóñòü Á îçíà÷àåò ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî èãðîê
âûòàùèë áåëûé øàð, × � ÷åðíûé øàð. Ïåðâûé èãðîê âûèãðàåò ïðè
ñëåäóþùèõ ðàñêëàäàõ â ïîñëåäîâàòåëüíîñòÿõ èñïûòàíèé: Á, ××Á,
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××××Á. Âåðîÿòíîñòü P âûèãðûøà ïåðâûì èãðîêîì ðàâíà:

P =
2
6

+
4
6
· 3
5
· 2
4

+
4
6
· 3
5
· 2
4
· 1
3
· 2
2

=
3
5
.

Çàäà÷à 4.5. Ïðè ïåðåäà÷å ñîîáùåíèÿ âåðîÿòíîñòü èñêàæåíèÿ îä-
íîãî çíàêà ðàâíà 1/100. Â ïðåäïîëîæåíèè íåçàâèñèìîñòè èñêàæåíèé
çíàêîâ íàéòè âåðîÿòíîñòü òîãî, ÷òî ñîîáùåíèå èç 5 çíàêîâ: à) íå áó-
äåò èñêàæåíî; á) ñîäåðæèò ðîâíî îäíî èñêàæåíèå; â) ñîäåðæèò õîòÿ
áû äâà èñêàæåíèÿ.

Ðåøåíèå. Ïóñòü À îáîçíà÷àåò ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî
ïðîèçîøëî èñêàæåíèå. P (A) = p = 0.01, q = 0.99.

à) P5(0) = C0
5p0q5 = 0.995 = 0.951;

á) P5(1) = C1
5p1q4 = 5 · 0.01 0.994 ≈ 0.048;

â) P5(m ≥ 2) = 1− P5(0)− P5(1) ≈ 0.001.

Çàäà÷à 4.19. Âåðîÿòíîñòü ïîïàäàíèÿ â öåëü ïðè êàæäîì âûñòðå-
ëå ðàâíà 0.001. Íàéòè âåðîÿòíîñòü ïîïàäàíèÿ â öåëü äâóìÿ è áîëåå
âûñòðåëàìè ïðè çàëïå â 5000 âûñòðåëîâ.

Ðåøåíèå. p = 0.001, n = 5000. Ïðèìåíÿåì ïðåäåëüíóþ òåîðåìó
Ïóàññîíà. λ = p · n = 5.

Pn(0) ≈ e−λ, Pn(1) = λ · e−λ, Pn(m ≥ 2) = 1− Pn(0)− Pn(1) ≈

≈ 1− (1 + λ)e−λ = 1− 6e−λ ≈ 1− 0.04043 = 0.95957.

Çàäà÷à 4.27. Èñïîëüçóÿ òàáëèöó ñëó÷àéíûõ ÷èñåë, âûïèñàòü ðå-
àëèçàöèþ áðîñàíèé ñèììåòðè÷åñêîé ìîíåòû. Äëèíó ðåàëèçàöèè n
ïîäîáðàòü òàê, ÷òîáû ÷àñòîòà âûïàäåíèé ãåðáà îòëè÷àëàñü îò 1/2
íå áîëåå ÷åì íà ∆ = 0.1, ñ âåðîÿòíîñòüþ, ïðèìåðíî ðàâíîé 0.9. Ïî
ðåàëèçàöèè âû÷èñëèòü ÷àñòîòó âûïàäåíèÿ ãåðáà.

Ðåøåíèå. p = 0.5. |mn − p| < ∆ → |m−np√
npq | < ∆ ·

√
n
pq ,

P (|m
n
− p| < ∆) ≈ 1√

2π

∆·
q

n
pq∫

−∆·
q

n
pq

e−
t2

2 dt = 2Φ(∆ ·
√

n

pq
) = 0.9.
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Èç òàáëèöû çíà÷åíèé ôóíêöèè Ëàïëàñà íàõîäèì, ÷òî

∆ ·
√

n

pq
≈ 1.64, ïîýòîìó n =

(
1.64
0.1

· 1
2

)2

= 8.22 ≈ 67.

Ïóñòü â òàáëèöå ñëó÷àéíûõ ÷èñåë ÷èñëà 0, 1, 2, 3, 4 îçíà÷àþò, ÷òî ïðè
áðîñàíèè ìîíåòû âûïàë ãåðá. Åñëè ïîñëåäîâàòåëüíî èäòè ïî ñòðîêàì
ñëåâà íàïðàâî, òî ÷èñëî âûïàäåíèé ãåðáà îêàæåòñÿ ðàâíûì 36. Çíà-
÷èò p = 36/67 ≈ 0.54.

Çàäà÷è äîìàøíåãî çàäàíèÿ.
Çàäà÷à 14.313 (ïðîäîëæåíèå). Â óñëîâèÿõ ïðåäûäóùåé çàäà÷è

íàéòè âåðîÿòíîñòè ñîáûòèé: C ={õîòÿ áû îäíî ïîïàäàíèå}, D ={íå
ìåíåå òðåõ ïîïàäàíèé}.

Îòâåò: P (C) ≈ 0.7626, P (D) ≈ 0.1035.

Çàäà÷à 14.322. Äâà ðàâíîñèëüíûõ øàõìàòèñòà äîãîâîðèëèñü ñûã-
ðàòü ìàò÷ èç 2n ðåçóëüòàòèâíûõ ïàðòèé. Íè÷üÿ íå ó÷èòûâàåòñÿ è
ñ÷èòàåòñÿ, ÷òî êàæäûé èç ó÷àñòíèêîâ ìîæåò âûèãðàòü î÷åðåäíóþ
ïàðòèþ ñ âåðîÿòíîñòüþ 0.5. Âûèãðàâøèì ìàò÷ ñ÷èòàåòñÿ òîò, êòî
ïîáåäèò â áîëüøåì ÷èñëå ïàðòèé. Â êàêîì ìàò÷å áîëüøå øàíñîâ âû-
èãðàòü ëþáîìó èç ó÷àñòíèêîâ: â ìàò÷å èç 8 ðåçóëüòàòèâíûõ ïàðòèé
èëè èç 12?

Îòâåò: áîëåå âåðîÿòíî âûèãðàòü ìàò÷ èç 12 ïàðòèé.
Çàäà÷à 14.343. Âåðîÿòíîñòü ïåðåãîðàíèÿ ïåðâîé, âòîðîé è òðå-

òüåé ëàìïû ñîîòâåòñòâåííî ðàâíà 0.1, 0.2 è 0.3. Åñëè ïåðåãîðàåò îäíà
ëàìïà, òî ïðèáîð âûõîäèò èç ñòðîÿ ñ âåðîÿòíîñòüþ 0.5, à åñëè äâå
èëè òðè � òî ïðèáîð çàâåäîìî âûéäåò èç ñòðîÿ. Íàéòè âåðîÿòíîñòü
âûõîäà ïðèáîðà èç ñòðîÿ.

Îòâåò: 0.297.
Çàäà÷à 4.2. Äâà èãðîêà ïîî÷åðåäíî èçâëåêàþò øàðû (áåç âîçâðàùå-
íèÿ) èç óðíû, ñîäåðæàùåé 2 áåëûõ øàðà, 4 ÷åðíûõ è 1 êðàñíûé. Âû-
èãðûâàåò òîò, êòî ïåðâûì âûíåò áåëûé øàð. Åñëè ïîÿâëÿåòñÿ êðàñ-
íûé øàð, òî îáúÿâëÿåòñÿ íè÷üÿ. Ïóñòü A1={âûèãðàåò èãðîê, íà÷àâ-
øèé èãðó}, A2= {âûèãðàåò âòîðîé ó÷àñòíèê}, B={ èãðà çàêîí÷èòñÿ
âíè÷üþ}. Íàéòè P (A1), P (A2), P (B).
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Îòâåò: P (A1) = 44
105 = 0.4190..., P (A2) = 26

105 = 0.2476..., P (B) = 1
3 .

Çàäà÷à 4.4. Ïðîâåäåíî 10 íåçàâèñèìûõ èñïûòàíèé, êàæäîå èç
êîòîðûõ çàêëþ÷àåòñÿ â îäíîâðåìåííîì ïîäáðàñûâàíèè òðåõ èãðàëü-
íûõ êîñòåé. Íàéòè âåðîÿòíîñòü òîãî, ÷òî â ÷åòûðåõ èñïûòàíèÿõ ïî-
ÿâÿòñÿ â òî÷íîñòè ïî äâå �6�.

Îòâåò: C4
10(

5
72)4(1− 5

72)6 = 0.00317...

Çàäà÷à 4.9. Íàéòè âåðîÿòíîñòü òîãî, ÷òî â n èñïûòàíèÿõ ñõåìû
Áåðíóëëè ñ âåðîÿòíîñòüþ óñïåõà p ïîÿâèòñÿ m + l óñïåõîâ, ïðè÷åì l
óñïåõîâ ïîÿâèòñÿ â ïîñëåäíèõ l èñïûòàíèÿõ.

Îòâåò: Cm
n−lp

m+l(1− p)n−m−l.

Çàäà÷à 4.22. Èç òàáëèöû ñëó÷àéíûõ ÷èñåë îòáèðàþò ÷èñëà, äå-
ëÿùèåñÿ íà 4, äî òåõ ïîð, ïîêà íå íàáåðåòñÿ 588. Íàéòè ïðèáëèæåííîå
çíà÷åíèå âåðîÿòíîñòè òîãî, ÷òî ïîòðåáóåòñÿ òàáëèöà, ñîäåðæàùàÿ íå
ìåíüøå 2100 ÷èñåë.

Ó ê à ç à í è å. Ïóñòü n − ÷èñëî ÷èñåë â òðåáóåìîé òàáëèöå; µn

� ÷èñëî ÷èñåë, äåëÿùèõñÿ íà 4, ñðåäè n ÷èñåë òàáëèöû (n = 2100).
Èñïîëüçîâàòü ðàâåíñòâî P (ν ≥ n) = P (µn ≤ 588).

Îòâåò: 0.0228.

Çàäà÷à 4.28. Èñïîëüçóÿ òàáëèöó ñëó÷àéíûõ ÷èñåë, âûïèñàòü N
ðåàëèçàöèé áëóæäàíèÿ ÷àñòèöû (îïðåäåëåíèå ñëó÷àéíîãî áëóæäà-
íèÿ ÷àñòèöû äàíî íà ñòð. 97) ïî öåëûì òî÷êàì îòðåçêà [0, n] äî å¼
ïîãëîùåíèÿ â 0 èëè â n. Âåëè÷èíû N, n, k � íà÷àëüíîå ïîëîæå-
íèå ÷àñòèöû, p � âåðîÿòíîñòü ïåðåõîäà âïðàâî, q = 1 − p âûáðàòü
ðàâíûìè:

à) N = 10, n = 6, p = 1/6, k = 1;
á) N = 10, n = 6, p = 1/2, k = 1.

Âû÷èñëèòü ÷àñòîòó ïîãëîùåíèÿ ÷àñòèöû â 0 è â n; ñðàâíèòü ñ âåðî-
ÿòíîñòÿìè ñîîòâåòñòâóþùèõ ïîãëîùåíèé.
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2.4 Ñëó÷àéíûå âåëè÷èíû
Îïðåäåëåíèå. Ïóñòü äàíî íåêîòîðîå âåðîÿòíîñòíîå ïðîñòðàíñòâî

(Ω,A, P ). Äåéñòâèòåëüíàÿ ôóíêöèÿ ξ = ξ(ω) íà Ω íàçûâàåòñÿ ñëó-
÷àéíîé âåëè÷èíîé, åñëè ∀x ∈ R ìíîæåñòâî {ω : ξ(ω) < x} ÿâëÿåòñÿ
ñîáûòèåì èç àëãåáðû ñîáûòèé A, ò.å. {ω : ξ(ω) < x} ∈ A. Âåðîÿò-
íîñòü P (ξ(ω) < x) íàçûâàåòñÿ ôóíêöèåé ðàñïðåäåëåíèÿ ñëó÷àéíîé
âåëè÷èíû ξ è îáîçíà÷àåòñÿ F (x) èëè Fξ(x), åñëè åñòü íåîáõîäèìîñòü
ïîä÷åðêíóòü, ÷òî ðå÷ü èäåò î ôóíêöèè ðàñïðåäåëåíèÿ èìåííî ñëó-
÷àéíîé âåëè÷èíû ξ : Fξ(x) = F (x) = P (ξ(ω) < x).

Ñâîéñòâà ôóíêöèè ðàñïðåäåëåíèÿ:
1) F (x1) ≤ F (x2), åñëè x1 < x2,
2) F (−∞) = 0, F (∞) = 1,
3) lim

x→x0−0
F (x) = F (x0) (íåïðåðûâíîñòü ñëåâà). Íà ñàìîì äåëå

F (x0) − F (x) = P (ξ < x0) − P (ξ < x) = P (x ≤ ξ < x0) → 0 ïðè
x → x0, x < x0.

Åñëè çàêîí ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû çàäàí, òî è ñàìà
ñëó÷àéíàÿ âåëè÷èíà ñ÷èòàåòñÿ çàäàííîé, òàê êàê äëÿ ëþáîé ôóíê-
öèè ðàñïðåäåëåíèÿ F (x) ñî ñôîðìóëèðîâàííûìè ñâîéñòâàìè âñåãäà
ìîæíî íàéòè òàêîå âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,A, P ) è ôóíêöèþ
ξ = ξ(ω), ÷òî èìååò ìåñòî P (ξ(ω) < x) = F (x).

Äèñêðåòíûå è íåïðåðûâíûå ñëó÷àéíûå âåëè÷èíû. Ñëó-
÷àéíàÿ âåëè÷èíà ξ íàçûâàåòñÿ äèñêðåòíîé, åñëè ñóùåñòâóþò ÷èñ-
ëà x1, x2, ..., xn (êîíå÷íîå ÷èñëî èëè ñ÷åòíîå ìíîæåñòâî), òàêèå, ÷òî
P (ξ = xk) = pk 6= 0 è

∑
k

pk = 1. Äëÿ õàðàêòåðèñòèêè äèñêðåòíîé ñëó-
÷àéíîé âåëè÷èíû èñïîëüçóåòñÿ òàê íàçûâàåìûé ðÿä ðàñïðåäåëåíèÿ:

ξ| x1 x2 · · · xn

p| p1 p2 · · · pn
.

Ãðàôèê ôóíêöèè ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû
èìååò ñòóïåí÷àòûé õàðàêòåð:
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-

6

¾
¾

¾

¾

x2x1 x3 xn−1 xn

F

x
p1

p1 + p2

1
1− pn· · ·

Ïðèìåðû:
1) Áèíîìèàëüíîå ðàñïðåäåëåíèå:

xk = k, k = 0, 1, ..., n; pk = Ck
npk(1− p)n−k; 0 < p < 1.

2) Ðàñïðåäåëåíèå Ïóàññîíà ñ ïàðàìåòðîì λ:

xk = k, k = 0, 1, ..., n, ...; pk =
λk

k!
e−λ λ > 0.

Ñëó÷àéíàÿ âåëè÷èíà ξ íàçûâàåòñÿ íåïðåðûâíîé, åñëè ôóíêöèÿ
ðàñïðåäåëåíèÿ äîïóñêàåò ïðåäñòàâëåíèå â âèäå F (x) =

x∫
−∞

p(u)du,

ãäå p(u) ≥ 0. Ôóíêöèÿ p(x) íàçûâàåòñÿ ïëîòíîñòüþ ðàñïðåäåëåíèÿ
âåðîÿòíîñòè. Åñëè p(x) íåïðåðûâíà, òî F ′(x) = p(x). Î÷åâèäíî, ÷òî
∞∫
−∞

p(x)dx = 1. Èìååò ìåñòî

P (a < ξ < b) =

b∫

a

p(x)dx.

Ïðèìåðû: 1) Ðàâíîìåðíîå ðàñïðåäåëåíèå íà ñåãìåíòå [a, b]:

p(x) =
{

1
b−a , x ∈ [a, b]
0, x 6∈ [a, b]

.

2)Íîðìàëüíîå (ãàóññîâñêîå) ðàñïðåäåëåíèå ñ ïàðàìåòðàìè (a, σ2):

p(x) =
1√

2πσ2
e−

(x−a)2

2σ2 .
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Åñëè ïàðàìåòðû èìåþò âèä (0,1), òî ðàñïðåäåëåíèå íàçûâàåòñÿ íîð-
ìàëüíî ñòàíäàðòíûì.

3) Ïîêàçàòåëüíîå ðàñïðåäåëåíèå:

p(x) = λe−λx, x > 0, λ > 0.

Ñèñòåìà ñëó÷àéíûõ âåêòîðîâ. Ñëó÷àéíûé âåêòîð.
à) Äèñêðåòíûé ñëó÷àéíûé âåêòîð (ξ, η). Åñëè â ðåçóëüòàòå îïû-

òà ïîÿâëÿþòñÿ äâà ÷èñëà (xk, yl), k = 1, 2, ...; l = 1, 2, ..., òàêèå, ÷òî
P (ξ = xk, η = yl) = pkl > 0 è

∑
k=1,l=1

pkl = 1, òî ãîâîðÿò, ÷òî çàäàí

äâóìåðíûé ñëó÷àéíûé âåêòîð.
Ïðèìåð. 1) Ïóñòü â (ξ, η) ξ îçíà÷àåò ñëó÷àéíîå ÷èñëî èñïûòàíèé

ïî ñõåìå Áåðíóëëè, ïîä÷èíåííîå ðàñïðåäåëåíèþ Ïóàññîíà ñ ïàðàìåò-
ðîì λ, à η åñòü ÷èñëî óñïåõîâ ïðè ξ = n èñïûòàíèÿõ ñ âåðîÿòíîñòüþ
óñïåõà p â îòäåëüíîì èñïûòàíèè. Òîãäà

P (ξ = k, η = m) = pkm = P (ξ = k)P (η = m|ξ = k) =
λke−λ

k!
Cm

k pmqk−m,

ãäå 0 ≤ k, 0 ≤ m ≤ k. Ïîêàæåì, ÷òî ñóììà âñåõ âåðîÿòíîñòåé ðàâíà
åäèíèöå:

∞∑

k=0

k∑

m=0

pkm =
∞∑

k=0

k∑

m=0

λke−λ

k!
Cm

k pmqk−m =
∞∑

k=0

λke−λ

k!

k∑

m=0

Cm
k pmqk−m

=
∞∑

k=0

λke−λ

k!
= 1.

2) Ïóñòü â (ξ, η) ξ ïðåäñòàâëÿåò ñëó÷àéíîå ÷èñëî ïîÿâëåíèÿ ãåð-
áà ïðè ïåðâîì áðîñàíèè ìîíåòû, à η îáîçíà÷àåò ñëó÷àéíîå ÷èñëî
ïîÿâëåíèÿ ãåðáà ïðè âòîðîì áðîñàíèè ìîíåòû. Åñëè ïðè áðîñàíèè
ìîíåòû ïîÿâëÿåòñÿ ãåðá, òî ξ è η áóäóò ïðèíèìàòü çíà÷åíèå 1, åñëè
ïîÿâëÿåòñÿ öèôðà, òî çíà÷åíèÿ ξ è η áóäóò ðàâíû 0. Âîçìîæíûå çíà-
÷åíèÿ äëÿ (ξ, η): (0,0), (0,1), (1,0), (1,1). Âî âñåõ ñëó÷àÿõ âåðîÿòíîñòè
ðàâíû 1

4 .
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Ôóíêöèÿ ðàñïðåäåëåíèÿ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:
F (x, y) = P (ξ < x, η < y). Å¼ ñâîéñòâà:

1) 0 ≤ F ≤ 1,
2) íåóáûâàþùàÿ ôóíêöèÿ ïî êàæäîìó àðãóìåíòó,
3) F (−∞, y) = F (x,−∞) = 0, F (∞, y) = Fη(y), F (x,∞) = Fξ(x).

á) Íåïðåðûâíûé ñëó÷àéíûé âåêòîð (ξ, η). Ãîâîðÿò, ÷òî ñîâîêóï-
íîñòü äâóõ ñëó÷àéíûõ âåêòîðîâ ξ è η îáðàçóåò íåïðåðûâíûé ñëó-
÷àéíûé âåêòîð (ξ, η), åñëè èõ ñîâìåñòíàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ
F (x, y) = P (ξ < x, η < y) äîïóñêàåò ïðåäñòàâëåíèå â âèäå F (x, y) =

x∫
−∞

y∫
−∞

p(u, v)dudv. Íåîòðèöàòåëüíàÿ ïîäûíòåãðàëüíàÿ ôóíêöèÿ

p(x, y) ñíîâà íàçûâàåòñÿ ïëîòíîñòüþ âåðîÿòíîñòè. p(x, y) = ∂2F
∂x∂y .

Ïðèìåð. Ïóñòü (ξ, η) ðàâíîìåðíî ðàñïðåäåëåíà ïî êðóãó ξ2+η2 ≤
R2. Íàéòè F (x, y), p(x, y).

Ïëîñêîñòü ïåðåìåííûõ x, y ðàçáèâàåì íà 7 ÷àñòåé ñîãëàñíî ðè-
ñóíêó

x

y
1 4

3

5

7

2

6

Ïóñòü x2 + y2 ≤ R2. Òîãäà ïëîùàäü îáëàñòè 5 {(u, v) : u2 + v2 ≤
R2, u ≤ x, v ≤ y, y ≥ 0} ðàâíà

−
√

R2−y2∫

−R

du

√
R2−u2∫

−√R2−u2

dv +

x∫

−
√

R2−y2

du

y∫

√
R2−u2

dv =
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= y(x +
√

R2 − y2)+

+

−
√

R2−y2∫

−R

√
R2 − u2du +

x∫

−R

√
R2 − u2du =

= y(x +
√

R2 − y2)+

+
R2

2

(
π + arcsin

x

R
− arcsin

√
R2 − y2

R
+

x

R

√
1− x2

R2
− y

R

√
1− y2

R2

)
=

= xy +
R2

2
(π + g(x) + g(y)),

ãäå

g(x) = arcsin
x

R
+

x

R

√
1− x2

R2
.

Â ñëó÷àå y < 0 ýòà ïëîùàäü ðàâíà

y(x +
√

R2 − y2)+

+
R2

2

(
arcsin

x

R
+ arcsin

√
R2 − y2

R
+

x

R

√
1− x2

R2
+
|y|
R

√
1− y2

R2

)
=

= xy +
R2

2
(π + g(x) + g(y)),

Äëÿ íàõîæäåíèÿ ôóíêöèè ðàñïðåäåëåíèÿ íàéäåííûå ïëîùàäè
íóæíî ðàçäåëèòü íà ïëîùàäü êðóãà πR2. Îòêóäà p(x, y) = F ′′

xy =
1

πR2 , åñëè x2 + y2 ≤ R2. Äëÿ äðóãèõ îáëàñòåé ïëîùàäè ðàâíû: 1 �
R2(π

2 + g(x)); 2 � R2(π
2 + g(y)); 3 � R2(g(x) + g(y)); 4 � πR2; 7 � 0.

â) Íåçàâèñèìîñòü. Åñëè Fξη(x, y) = Fξ(x)Fη(y), òî ñëó÷àéíûå
âåëè÷èíû ξ è η íàçûâàþòñÿ íåçàâèñèìûìè. Åñëè (ξ, η) íåïðåðûâíûé
ñëó÷àéíûé âåêòîð, òî óñëîâèå íåçàâèñèìîñòè èìååò âèä: pξη(x, y) =
pξ(x)pη(y). Äðóãîå ýêâèâàëåíòíîå îïðåäåëåíèå íåçàâèñèìîñòè: ξ è η
íàçûâàþòñÿ íåçàâèñèìûìè, åñëè äëÿ ∀B1, B2 ⊂ R èìååò ìåñòî P (ξ ∈
B1, η ∈ B2) = P (ξ ∈ B1)P (η ∈ B2).

Ïðèìåðû. 1) Ïóñòü Ω = {1, 2, 3, 4, 5, 6} � ìíîæåñòâî ýëåìåí-
òàðíûõ ñîáûòèé, îïèñûâàþùèõ îïûò ñ áðîñàíèåì èãðàëüíîé êîñòè.
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Ïóñòü ñëó÷àéíàÿ âåëè÷èíà ξ ðàâíà íóëþ, åñëè çíà÷åíèå âûïàâøèõ
î÷êîâ ìåíüøå èëè ðàâíî 4, è ðàâíà 1 â îñòàëüíûõ ñëó÷àÿõ. Äëÿ η: 0
� åñëè çíà÷åíèå ìåíüøå èëè ðàâíî 2, 1 � â îñòàëüíûõ ñëó÷àÿõ.

Ìîæíî çàïèñàòü ñëåäóþùóþ òàáëèöó:

ξ 0 1 ðÿä ðàñïðåäåëåíèÿ ξ 0 1
1, 2, 3, 4︸ ︷︷ ︸ 5, 6︸︷︷︸ p 2/3 1/3

η 0 1 ðÿä ðàñïðåäåëåíèÿ η 0 1
1, 2,︸︷︷︸ 3, 4, 5, 6︸ ︷︷ ︸ p 1/3 2/3

Ñîâìåñòíûé ðÿä ðàñïðåäåëåíèÿ èìååò âèä:

η\ξ 0 1
0 1/3 0 1/3
1 1/3 1/3 2/3

2/3 1/3

.

Ñëó÷àéíûå âåëè÷èíû ξ è η çàâèñèìû.
2) Ïóñòü Ω = [0, 1]. Ñîáûòèÿìè íàçîâåì ïîäìíîæåñòâà, èìåþùèå

äëèíó, âåðîÿòíîñòü ñîáûòèÿ ñ÷èòàåì ðàâíîé ýòîé äëèíå: P (A) = |A|.
Êîîðäèíàòû òî÷åê ïðîñòðàíñòâà Ω îáîçíà÷èì u : 0 ≤ u ≤ 1. Ïóñòü
ξ(u) = u2, à η(u) = eu. Èìååì

Fξ(x) = P (ξ < x) = P (u : u2 < x) =





0, åñëè x ≤ 0√
x, åñëè 0 < x ≤ 1

1, åñëè 1 < x
,

Fη(x) = P (η < x) = P (u : eu < x) =





0, åñëè x ≤ 1
ln x, åñëè 1 < x ≤ e
1, åñëè 1 < x

.

Ãðàôèêè ýòèõ ôóíêöèé èìåþò âèä:

- -

66
Fη

Fξ

0 1 1 e

11
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Çíà÷åíèÿ ñîâìåñòíîé ôóíêöèè ðàñïðåäåëåíèÿ Fξη(x, y) ìîæíî
ïðåäñòàâèòü íà îñíîâå ðèñóíêà:

0

0

0

√
x 1

0 0

ln y

√
x

ln y

y = e

y = 1

x = 0 x = 1

Òàê êàê Fξη(x, y) 6= Fξ(x)Fη(y), òî ñëó÷àéíûå âåëè÷èíû ξ è η ÿâëÿ-
þòñÿ çàâèñèìûìè ìåæäó ñîáîé ñëó÷àéíûìè âåëè÷èíàìè.

3) Î âåðîÿòíîñòè P ((ξ, η) ∈ B) äëÿ íåïðåðûâíîãî (ξ, η). Ôóíê-
öèÿ ðàñïðåäåëåíèÿ äëÿ äâóìåðíîãî íåïðåðûâíîãî ñëó÷àéíîãî âåêòî-
ðà (ξ, η) èìååò âèä: F (x, y) = P (ξ < x, η) < y) =

x∫
−∞

y∫
−∞

p(u, v)dudv,

îòêóäà ñëåäóåò

P (x ≤ ξ < x + ∆x, η < y) = P (ξ < x + ∆x, η < y)− P (ξ < x, η < y) =

= F (x + ∆x, y)− F (x, y) =

x+∆x∫

x

y∫

−∞
p(u, v)dudv.

Àíàëîãè÷íûì îáðàçîì íàõîäèì

P (x ≤ ξ < x+∆x, y ≤ η < y +∆y) = P (x ≤ ξ < x+∆x, η < y +∆y)−

−P (x ≤ ξ < x + ∆x, η < y) =

x+∆x∫

x

y+∆y∫

y

p(u, v)dudv ≈ p(x, y)∆x∆y.

Ïîýòîìó

P ((ξ, η) ∈ B) ≈
∑

i,j

p(xi, yj)∆xi∆yj →
∫ ∫

B

p(u, v)dudv.
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4) Ìíîãîìåðíîå íîðìàëüíîå ðàñïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî
íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû ξ1, ..., ξr èìåþò ìíîãîìåðíîå íîð-
ìàëüíîå ðàñïðåäåëåíèå, åñëè êàæäàÿ èç ýòèõ âåëè÷èí èìååò îäíî-
ìåðíîå íîðìàëüíîå ðàñïðåäåëåíèå. Ïóñòü, íàïðèìåð, ξk, k = 1, 2..., r,
èìåþò íîðìàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðàìè (ak, σ

2
k). Òîãäà

pξ1,...,ξr(x1, ..., xr) =
1

(2π)r/2σ1 · · ·σr
exp{−1

2

r∑

k=1

(xk − ak)2

σ2
k

}.

2.4.1 5-îå ïðàêòè÷åñêîå çàíÿòèå. Ïëîòíîñòü è ôóíêöèÿ ðàñ-
ïðåäåëåíèÿ.

Çàäà÷à 14.361. Ñëó÷àéíàÿ âåëè÷èíà X íîðìàëüíî ðàñïðåäåëåíà
ñ ïàðàìåòðàìè a = 1, σ = 2. Âûðàçèòü åå ôóíêöèþ ðàñïðåäåëåíèÿ
÷åðåç ôóíêöèþ Φ(x).

Ðåøåíèå.

Φ(x) =
1√
2π

x∫

−∞
e−

t2

2 dt,

FX(x) = P (X < x) =
1√
8π

x∫

−∞
e−

(t−1)2

8 dt =

=
1√
2π

x−1
2∫

−∞
e−

u2

2 du = Φ(
x− 1

2
), u =

t− 1
2

.

Çàäà÷à 14.372. Ñëó÷àéíàÿ âåëè÷èíà X ïîä÷èíÿåòñÿ íîðìàëüíî-
ìó çàêîíó ñ ïàðàìåòðàìè (a = 1, σ2). Èçâåñòíî, ÷òî P (X < 2) = 0.99.
Âû÷èñëèòü M [X2] è P (X2 > 2).

Ðåøåíèå. MX = 1, DX = σ2, DX = MX2 − (MX)2, MX2 =
σ2 + 1. P (X < 2) = Φ(2−1

σ ) = Φ( 1
σ ) = 0.99, 1

σ = 2.33, σ = 1
2.33 ≈ 0.43,

MX2 = 1.18, P (X2 > 2) = P (X < −√2) + P (X >
√

2) = Φ(−
√

2−1
0.43 ) +

1− Φ(
√

2−1
0.43 ).

Çàäà÷à 14.378. Çàêîí ðàñïðåäåëåíèÿ ñëó÷àéíîãî âåêòîðà (X,Y )
äèñêðåòíîãî òèïà îïðåäåëÿåòñÿ ñëåäóþùåé òàáëèöåé:
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xi \ yj −1 0 1
1 0.15 0.3 0.35
2 0.05 0.05 0.1

à) Íàéòè áåçóñëîâíûå çàêîíû ðàñïðå-
äåëåíèÿ îòäåëüíûõ êîìïîíåíò X è Y.
á) Óñòàíîâèòü, çàâèñèìû èëè íåò

êîìïîíåíòû X è Y ? â) Âû÷èñëèòü âåðîÿòíîñòè P (X = 2, Y = 0) è
P (X > Y ).

Ðåøåíèå. à) P (X = 1) = P (X = 1, Y = 0) + P (X = 1, Y = −1) =
(X = 1, Y = −1) = 0.8, àíàëîãè÷íûì îáðàçîì ïîäñ÷èòûâàåì îñòàëü-
íûå âåðîÿòíîñòè è ïðèõîäèì ê ñëåäóþùèì ðÿäàì ðàñïðåäåëåíèé:

xi 1 2
pi 0.8 0.2

yj −1 0 1
pj 0.2 0.35 0.45

á) çàâèñèìû, òàê êàê, íàïðèìåð, P (X = 1, Y = −1) = 0.15 6=
P (X = 1)P (Y = −1) = 0.16. â) P (X = 2, Y = 0) = 0.05,
P (X > Y ) = 1− 0.35 = 0.65.

Çàäà÷à 5.3. Ñëó÷àéíàÿ âåëè÷èíà ξ èìååò ïîêàçàòåëüíîå ðàñïðå-
äåëåíèå ñ ïëîòíîñòüþ ðàñïðåäåëåíèÿ pξ(x) = αe−αx (x > 0). Íàéòè
ïëîòíîñòè ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí: à) η1 =

√
ξ; á) η2 = ξ2;

â) η3 = 1
α ln ξ; ã) η4 = 1− e−αξ.

Ðåøåíèå. Fξ(x) =
x∫
0

p(t)dt = 1− e−αx.

Fη1(x) = P (
√

ξ < x) = P (ξ < x2) = Fξ(x2), pη1(x) = 2xαe−αx2
, (0 < x),

Fη2(x) = P (ξ2 < x) = P (ξ <
√

x) = Fξ(
√

x), pη2(x) =
α

2
√

x
e−α

√
x,

(0 < x),

Fη3(x) = P (
1
α

ln ξ < x) = P (ξ < eαx) = Fξ(eαx),

pη3(x) = α2eα(x−eαx), (−∞ < x < ∞),

Fη4(x) = P (1− e−αξ < x) = P (e−αξ > 1− x) = P (ξ < − ln(1− x)
α

) =

= Fξ(− ln(1− x)
α

), pη4(x) = 1, 0 ≤ x ≤ 1.
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Çàäà÷à 5.9. Ñëó÷àéíûå âåëè÷èíû ξ1 è ξ2 íåçàâèñèìû è íîðìàëü-
íî ðàñïðåäåëåíû ñ ïàðàìåòðàìè (0,1). Íàéòè ïëîòíîñòè ðàñïðåäåëå-
íèÿ âåëè÷èí: à) η1 = ξ2

1 + ξ2
2 ; á) η2 = arctan ξ1/ξ2; â) ñîâìåñòíóþ

ïëîòíîñòü ðàñïðåäåëåíèÿ (η1, η2).
Ðåøåíèå.

pξ1(x) = pξ2(x) =
1√
2π

e−
x2

2 ,

Fη1(x) = P (ξ2
1 + ξ2

2 < x) =
1
2π

∫ ∫

u2
1+u2

2<x

e−
u2
1+u2

2
2 du1du2 =

=
1
2π

√
x∫

0

dρ

2π∫

0

ρe−
ρ2

2 dϕ =

= 1− e−x/2, u1 = ρ cosϕ, u2 = ρ sinϕ, pη1(x) =
1
2
e−x/2, x > 0.

Fη2(x) = P (arctan ξ1/ξ2 < x) = P (ξ1/ξ2 < tg x) =

=
1
2π

∫ ∫

u1/u2<tg x

e−
u2
1+u2

2
2 du1du2 =

1
2π

∞∫

0

ρe−
ρ2

2 dρ

∫

ctg ϕ<tg x

dϕ =

=
1
2π

∫

tg (π/2−ϕ)<tg x

dϕ =

=
x

π
+

1
2
, (−π

2
< x <

π

2
), pη2(x) =

1
π

.

Fη1η2(x1, x2) = P (η1 < x1, η2 < x2) =

=
1
2π

∫ ∫

u2
1 + u2

2 < x
u1/u2 < tg x

e−
u2
1+u2

2
2 du1du2 =

=
1
2π

√
x∫

0

ρe−
ρ2

2 dρ

∫

ctg ϕ<tg x

dϕ = Fη1(x1)Fη2(x2).
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Çàäà÷à 5.17. Èãðàëüíàÿ êîñòü áðîñàåòñÿ äî òåõ ïîð, ïîêà âïåð-
âûå íå âûïàäåò ìåíüøå ïÿòè î÷êîâ. Îáîçíà÷èì ÷åðåç θ ÷èñëî î÷êîâ,
âûïàâøèõ ïðè ïîñëåäíåì áðîñàíèè èãðàëüíîé êîñòè, à ÷åðåç ν − ÷èñ-
ëî áðîñàíèé êîñòè. Íàéòè ñîâìåñòíîå ðàñïðåäåëåíèå θ è ν. ßâëÿþòñÿ
ëè θ è ν íåçàâèñèìûìè?

Ðåøåíèå. Âîçìîæíûå çíà÷åíèÿ ν : n = 1, 2, ...; âîçìîæíûå çíà-
÷åíèÿ θ : m = 1, 2, 3, 4. p = 4/6, q = 2/6. P (ν = n, θ = m) =
P (ν = n)P (θ = m/ν = n) = qn−1p/4 = 1/(2 · 3n), P (ν = n) = qn−1p,
P (θ = m) = 1/4, P (ν = n, θ = m) = P (ν = n)P (θ = m).

Çàäà÷à 5.18. Íà n ñòàíêàõ îäíîâðåìåííî íà÷àëàñü îáðàáîòêà n
äåòàëåé. Ïðåäïîëàãàÿ, ÷òî âðåìåíà îáðàáîòêè äåòàëåé íåçàâèñèìû è
èìåþò ïîêàçàòåëüíûå ðàñïðåäåëåíèÿ ñ ïàðàìåòðîì α, íàéòè ðàñïðå-
äåëåíèå âðåìåíè: à) äî ïîëó÷åíèÿ ïåðâîé îáðàáîòàííîé äåòàëè; á)äî
îêîí÷àíèÿ îáðàáîòêè âñåõ äåòàëåé.

Ðåøåíèå. à) Ïóñòü ξ � ñëó÷àéíîå âðåìÿ îáðàáîòêè äåòàëè îò-
äåëüíûì ñòàíêîì, òîãäà F (x) = P (ξ < x) � âåðîÿòíîñòü òîãî, ÷òî
äåòàëü çà âðåìÿ x áóäåò ñäåëàíà. P (ξ > x) = 1 − F (x) � âåðî-
ÿòíîñòü òîãî, ÷òî äåòàëü çà âðåìÿ x íå áóäåò ñäåëàíà. Ïóñòü η �
ñëó÷àéíîå âðåìÿ äî ïîëó÷åíèÿ ïåðâîé îáðàáîòàííîé äåòàëè, òîãäà
(η > x) ïðåäñòàâëÿåò ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî íè îäíà äå-
òàëü íå áóäåò ñäåëàíà çà âðåìÿ x. P (η > x) = (1 − F (x))n = e−nαx,
P (η < x) = 1− P (η > x) = 1− e−nαx, pη(x) = nαe−nαx.

á) Ïóñòü ζ � ñëó÷àéíîå âðåìÿ äî îêîí÷àíèÿ îáðàáîòêè âñåõ äå-
òàëåé. Òîãäà P (ζ < x) = (F (x))n, pζ(x) = nFn−1(x)pζ(x) = nα(1 −
e−αx)n−1e−αx.

Çàäà÷à 5.20. Ìàøèíà ñîñòîèò èç 10 000 äåòàëåé. Êàæäàÿ äåòàëü
íåçàâèñèìî îò äðóãèõ îêàçûâàåòñÿ íåèñïðàâíîé ñ âåðîÿòíîñòüþ pi,
ïðè÷åì äëÿ n1 = 1000 äåòàëåé p1 = 0.0003; äëÿ n2 = 2000 äåòàëåé
p2 = 0.0005, è äëÿ n3 = 7000 äåòàëåé p3 = 0.0001. Ìàøèíà íå ðàáîòà-
åò, åñëè â íåé íåèñïðàâíû õîòÿ áû äâå äåòàëè. Íàéòè ïðèáëèæåííîå
çíà÷åíèå âåðîÿòíîñòè òîãî, ÷òî ìàøèíà íå áóäåò ðàáîòàòü.

Óêàçàíèå. Âîñïîëüçîâàòüñÿ òåîðåìîé Ïóàññîíà.
Ðåøåíèå. Ïóñòü Ak îçíà÷àåò ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî íå

èñïðàâíû k äåòàëåé 1-ãî ðîäà; Bk � 2-ãî ðîäà; Ck � 3-ãî ðîäà. Ñî-
áûòèå A = A0B0C0 + A0B0C1 + A0B1C0 + A1B0C0 ñîñòîèò â òîì, ÷òî
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ìàøèíà ðàáîòàåò. P (A) = e−(λ1+λ2+λ3)(1 + λ1 + λ2 + λ3), λ1 = 0.3,
λ2 = 1, λ3 = 0.7. P (A) = 3e−2 = 0.406. P (Ā) = 0.594.

Çàäà÷à 5.23. Èñïîëüçóÿ òàáëèöó ñëó÷àéíûõ ÷èñåë, âûïèñàòü 10
ðåàëèçàöèé èñïûòàíèé, îïèñàííûõ â çàäà÷å 5.17. Íàéòè ÷àñòîòû ñî-
áûòèé: (θ = k), k = 1, 2, 3, 4; (ν = l), l = 1, 2, 3, . . . .

Ðåøåíèå. Â òàáëèöå ñëó÷àéíûõ ÷èñåë îïóñêàåì ÷èñëà 0, 7, 8, 9.
Ïîëó÷àåì ñëåäóþùèå ðåàëèçàöèè ñëó÷àéíîãî âåêòîðà (θ, ν) : (1,1),
(1,3), (1,2), (2,3), (1,3), (2,2), (1, 1), (1,3), (2,3), (1,4). ×àñòîòû: ν = 1
� 0.7; ν = 2 � 0.3; θ = 1 � 0.2; θ = 2 � 0.2; θ = 3 � 0.5; θ = 4 � 0.1.

Çàäà÷è äîìàøíåãî çàäàíèÿ.

Çàäà÷à 14.362. Ñëó÷àéíàÿ âåëè÷èíà X ðàñïðåäåëåíà ïî çà-
êîíó N(m,σ2). Ïîëüçóÿñü òàáëèöåé ôóíêöèè íîðìàëüíîãî ðàñïðåäå-
ëåíèÿ, âû÷èñëèòü âåðîÿòíîñòü pk òîãî, ÷òî îòêëîíåíèå âåëè÷èíû Õ
îò åå ìàòåìàòè÷åñêîãî îæèäàíèÿ íå ïðåâçîéäåò âåëè÷èíû kσ (îòâåò
ïîëó÷èòü äëÿ òðåõ çíà÷åíèé k = 1, 2, 3).

Îòâåò: p1 ≈ 0.683, p2 ≈ 0.954, p3 ≈ 0.997.

Çàäà÷à 14.373. Ñëó÷àéíàÿ âåëè÷èíà X ðàñïðåäåëåíà ïî çàêîíó
N(m,σ2). Âû÷èñëèòü p1 = P (X ≥ xn2) è p2 = P (xn1 ≤ X ≤ xn2), ãäå
xn1 è xn2 � òî÷êè ïåðåãèáà ïëîòíîñòè ðàñïðåäåëåíèÿ âåðîÿòíîñòåé.

Îòâåò: p1 = 0.1587, p2 = 0.68.

Çàäà÷à 14.379. (ïðîäîëæåíèå Çàäà÷è 14.378). Ïîñòðîèòü ôóíê-
öèþ ðàñïðåäåëåíèÿ FX,Y (x, y), îôîðìèâ ðåçóëüòàò â âèäå òàáëèöû,
è íàéòè mX è mY .

Îòâåò:

x \ y y ≤ −1 −1 < y ≤ 0 0 < y ≤ 1 1 < 0
x ≤ 1 0 0 0 0

1 < x ≤ 2 0 0.15 0.45 0.8
2 < x 0 0.2 0.55 1

mX = 1.2,mY = 0.25

Çàäà÷à 5.4. Ñëó÷àéíàÿ âåëè÷èíà ξ ðàñïðåäåëåíà íîðìàëüíî ñ ïà-
ðàìåòðàìè a = 1, σ2 = 1. Íàéòè ïëîòíîñòè ðàñïðåäåëåíèÿ âåëè÷èí:
à) η1 = ξ2; á) η2 = eξ (ëîãàðèôìè÷åñêîå íîðìàëüíîå ðàñïðåäåëåíèå).
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Îòâåò: à) 1√
2πx

e−x/2(x > 0); á) 1
x
√

2π
e− ln2 x/2.

Çàäà÷à 5.10. Íàéòè ñîâìåñòíîå ðàñïðåäåëåíèå âåëè÷èí η1 =√−2 ln ξ1 cos(2πξ2), η2 =
√−2 ln ξ1 sin(2πξ2), ãäå ξ1 è ξ2 íåçàâèñèìû è

èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå íà ñåãìåíòå [0,1].

Îòâåò: pη1,η2(x1, x2) = 1
2πe−(x2

1+x2
2)/2.

Çàäà÷à 5.14. Îáîçíà÷èì τ ÷èñëî èñïûòàíèé â ñõåìå Áåðíóëëè
äî ïîÿâëåíèÿ ïåðâîãî óñïåõà âêëþ÷èòåëüíî. Íàéòè çàêîí ðàñïðåäå-
ëåíèÿ τ.

Îòâåò: P (τ = k) = (1− p)k−1p (k ≥ 1).

Çàäà÷à 5.21. Ñîâìåñòíîå ðàñïðåäåëåíèå âåëè÷èí ξ1, ξ2 ÿâëÿåòñÿ
ðàâíîìåðíûì â êðóãå {(x1, x2) : x2

1 + x2
2 ≤ 1}. Íàéòè âåðîÿòíîñòü

P

{
|ξ1| < 1√

2
, |ξ2| < 1√

2

}
.

ßâëÿþòñÿ ëè âåëè÷èíû ξ1, ξ2 íåçàâèñèìûìè?

Îòâåò: 2
π = 0.6366197 . . . , âåëè÷èíû ξ1, ξ2 çàâèñèìû.

Çàäà÷à 5.24. Èñïîëüçóÿ òàáëèöó ñëó÷àéíûõ ÷èñåë, âûïèñàòü ðå-
àëèçàöèþ 50 íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, ðàâíîìåðíî ðàñïðå-
äåëåííûõ íà ñåãìåíòå [0,1]. ×èñëîâûå çíà÷åíèÿ âçÿòü ñ òî÷íîñòüþ äî
10−3.

2.5 Ìàòåìàòè÷åñêîå îæèäàíèå
. Îïðåäåëåíèå. à) Ïóñòü ξ � äèñêðåòíàÿ îäíîìåðíàÿ ñëó÷àéíàÿ
âåëè÷èíà. Â ýòîì ñëó÷àå ìàòåìàòè÷åñêîå îæèäàíèå Mξ èëè ñðåäíåå
çíà÷åíèå ñëó÷àéíîé âåëè÷èíû ξ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Mξ =
∑

k

xkpk.

Ïðèìåðû:
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1) Ïóñòü ξ åñòü ñëó÷àéíàÿ âåëè÷èíà, ïðåäñòàâëÿþùàÿ ñëó÷àéíîå
÷èñëî óñïåõîâ ïðè îäíîêðàòíîì ïðîèçâîäñòâå îïûòà. Òîãäà

Mξ = 0 · q + 1 · p = p.

2) Ðàñïðåäåëåíèå Ïóàññîíà: xk = k, k = 0, 1, 2, ..., pk = P (ξ =
xk) = λk

k! e
−λ.

Mξ =
∞∑

k=0

k
λk

k!
e−λ = e−λ

∞∑

k=1

k
λk

k!
=

∞∑

k=1

λk

(k − 1)!
= e−λλ

∞∑

k=1

λk−1

(k − 1)!
=

= e−λλeλ = λ.

á) Ïóñòü ξ ðàñïðåäåëåíà íåïðåðûâíî íà ñåãìåíòå [a, b], ò.å. ÿâëÿ-
åòñÿ íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíîé, ïðèíèìàþùåé çíà÷åíèÿ â
ñåãìåíòå [a, b]. Òî÷êàìè x0 = a < x1 < · · · < xn−1 < xn = b ñåãìåíò
[a, b] ðàçäåëèì íà n ÷àñòåé. Ïóñòü ∆xk = xk+1 − xk, 0 ≤ k ≤ n − 1.

Òîãäà P (xk ≤ ξ < xk+1) =
xk+1∫
xk

p(u)du ≈ p(xk)∆xk. Íåïðåðûâíóþ

ñëó÷àéíóþ âåëè÷èíó ξ ðàññìîòðèì ïðèáëèæåííî êàê äèñêðåòíóþ
ñ âîçìîæíûìè çíà÷åíèÿìè xk è ñîîòâåòñòâóþùèìè âåðîÿòíîñòÿìè
p(xk)∆xk ïðèíÿòü ýòè çíà÷åíèÿ, òîãäà çà ïðèáëèæåííîå çíà÷åíèå ìà-
òåìàòè÷åñêîãî îæèäàíèÿ Mξ ìîæíî ïðèíÿòü Mξ ≈ ∑

k

xkp(xk)∆xk,

êîòîðîå ïðè n → ∞, ∆xk → 0 áóäåò ñòðåìèòüñÿ ê
b∫
a

xp(xdx) êàê
èíòåãðàëüíàÿ ñóììà, ïîýòîìó ìàòåìàòè÷åñêîå îæèäàíèå Mξ íåïðå-
ðûâíîé ñëó÷àéíîé âåëè÷èíû ξ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Mξ =

∞∫

−∞
xp(x)dx.

Ïðèìåðû.
1) Ðàâíîìåðíîå ðàñïðåäåëåíèå íà ñåãìåíòå [a, b]:

p(x) =
{

1
b−a , x ∈ [a, b]
0, x 6∈ [a, b]

,
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Mξ =

∞∫

−∞
xp(x)dx =

b∫

a

x
1

b− a
dx =

1
b− a

x2

2
|
|

b

a

=
a + b

2
.

2) Íîðìàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðàìè (a, σ2):

p(x) =
1√

2πσ2
e−

(x−a)2

2σ2 .

Mξ =

∞∫

−∞
xp(x)dx =

1√
2πσ2

∞∫

−∞
xe−

(x−a)2

2σ2 dx =

=
1√

2πσ2

∞∫

−∞
(a + σt)e−

t2

2 σdt =
a√
2π

∞∫

−∞
e−

t2

2 dt +
σ√
2π

∞∫

−∞
te−

t2

2 dt = a.

â) Ïóñòü ξ = ϕ(η1, η2), ãäå (η1, η2) � äèñêðåòíûé ñëó÷àéíûé âåê-
òîð. Ýòî çíà÷èò, ÷òî (η1, η2) íà ïëîñêîñòè (x, y) ïðîáåãàåò òî÷êè
(xk, yl) è P (η1 = xk, η2 = yl) = pkl, âîçìîæíûìè çíà÷åíèÿìè ξ áó-
äóò ϕ(xk, yl), à âåðîÿòíîñòü P (ξ = ϕ(xk, yl)) ñíîâà áóäåò ðàâíà pkl.
Ìàòåìàòè÷åñêîå îæèäàíèå ôóíêöèè îò äèñêðåòíûõ ñëó÷àéíûõ âå-
ëè÷èí îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Mξ =
∑

k,l

ϕ(xk, yl)pkl.

Ïðèìåð. Ìàòåìàòè÷åñêîå îæèäàíèå ñóììû äëÿ äèñêðåòíûõ
ñëó÷àéíûõ âåëè÷èí.

M(ξ + η) =
∑

k,l

(xk + yl)pkl =
∑

k,l

(xk + yl)P (ξ = xk, η = yl) =

=
∑

k,l

xkP (ξ = xk, η = yl) +
∑

k,l

ylP (ξ = xk, η = yl) =

=
∑

k

xk

∑

l

P (ξ = xk, η = yl) +
∑

l

yl

∑

k

P (ξ = xk, η = yl) =

=
∑

k

xkP (ξ = xk) +
∑

l

ylP (η = yl) = Mξ + Mη.
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ã) Ïóñòü ξ = ϕ(η1, η2), ãäå (η1, η2) � íåïðåðûâíûé ñëó÷àéíûé
âåêòîð è âîçìîæíûå çíà÷åíèÿ ξ åñòü ϕ(x, y). Èìååì

P (xk ≤ η1 < xk + ∆xk, yl ≤ η2 < yl + ∆yl) ≈ p(xx, yl)∆xk∆yl,

çíà÷èò çà ïðèáëèæåííîå çíà÷åíèå Mξ ìîæíî ïðèíÿòü

Mξ ≈
∑

k,l

ϕ(xk, yl)∆xk∆yl,

ãäå ñóììà ïðåäñòàâëÿåò èíòåãðàëüíóþ ñóììó äëÿ
∞∫

−∞

∞∫

−∞
ϕ(x, y)p(x, y)dxdy.

Ïîýòîìó â êà÷åñòâå ìàòåìàòè÷åñêîãî îæèäàíèÿ äëÿ ôóíêöèè îò íåïðå-
ðûâíîãî ñëó÷àéíîãî âåêòîðà ïðèíèìàåòñÿ ñëåäóþùåå ÷èñëî:

Mξ =

∞∫

−∞

∞∫

−∞
ϕ(x, y)p(x, y)dxdy.

Ïðèìåð. Ìàòåìàòè÷åñêîå îæèäàíèå ñóììû íåïðåðûâíûõ ñëó-
÷àéíûõ âåëè÷èí. Ïóñòü (ξ, η) � íåïðåðûâíûé ñëó÷àéíûé âåêòîð, òî-
ãäà

M(ξ + η) =

∞∫

−∞

∞∫

−∞
(x + y)p(x, y)dxdy =

∞∫

−∞

∞∫

−∞
xp(x, y)dxdy+

+

∞∫

−∞

∞∫

−∞
yp(x, y)dxdy =

∞∫

−∞
x(

∞∫

−∞
p(x, y)dy)dx+

∞∫

−∞
y(

∞∫

−∞
p(x, y)dx)dy =

=

∞∫

−∞
xpξ(x)dx +

∞∫

−∞
ypη(y)dy = Mξ + Mη.

Ñâîéñòâà ìàòåìàòè÷åñêîãî îæèäàíèÿ.

48



1) MC = C, C − ïîñòîÿííàÿ,
2) MCξ = CMξ,
3)|Mξ| ≤ M |ξ|,
4) M(ξ1 + ξ2) = Mξ1 + Mξ2,
5) M(ξ1ξ2) = Mξ1Mξ2, åñëè ξ1, ξ2 íåçàâèñèìû.

Äîêàæåì ïîñëåäíåå ñâîéñòâî â ïðåäïîëîæåíèè, ÷òî (ξ1, ξ2) � äèñ-
êðåòíûé âåêòîð:

M(ξ1ξ2) =
∑

k,l

xkylP (ξ1 = xk, ξ2 = yl) =
∑

k,l

xkylP (ξ1 = xk)P (ξ2 = yl) =

=
∑

k

xkP (ξ1 = xk)
∑

l

ylP (ξ2 = yl) = Mξ1Mξ2.

Â ñëó÷àå íåïðåðûâíîãî ñëó÷àéíîãî âåêòîðà (ξ1, ξ2) ïðè äîêàçàòåëü-
ñòâå ñâîéñòâà 5) âìåñòî ñóìì íóæíî èñïîëüçîâàòü èíòåãðàëû.

Äèñïåðñèÿ � ýòî ñðåäíåå çíà÷åíèå êâàäðàòà îòêëîíåíèÿ ñëó-
÷àéíîé âåëè÷èíû îò å¼ ñðåäíåãî çíà÷åíèÿ.

Dξ = M(ξ −Mξ)2 = M(ξ2 − 2(Mξ)ξ + (Mξ)2) =

= Mξ2 − 2(Mξ)Mξ + (Mξ)2 = Mξ2 − (Mξ)2.

Ïðèìåðû.
1) Ðàñïðåäåëåíèå Ïóàññîíà: P (ξ = k) = λk

k! e
−λ. Ìû óæå ïîëó÷èëè

ðàíåå, ÷òî ξ = λ. Âû÷èñëèì òåïåðü Mξ2.

Mξ2 =
∞∑

k=0

x2
kpk =

∞∑

k=0

k2 λk

k!
e−λ = e−λ

∞∑

k=0

k2 λk

k!
= e−λ

∞∑

k=1

k
λk

(k − 1)!
=

= e−λ
∞∑

l=0

(l + 1)λl+1

l!
= λe−λ(

∞∑

l=1

λl

(l − 1)!
+

∞∑

l=0

λl

l!
) = λe−λ(λeλ + eλ) =

= λ2 + λ.

Dξ = Mξ2 − (Mξ)2 = λ2 + λ− λ2 = λ.
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2) Ðàâíîìåðíîå ðàñïðåäåëåíèå íà ñåãìåíòå [a, b]. Ïëîòíîñòü âåðî-
ÿòíîñòè èìååò âèä:

p(x) =
{

1
b−a , x ∈ [a, b]
0, x 6∈ [a, b]

.

Íàõîäèì

Mξ =

∞∫

−∞
xp(x)dx =

b∫

a

x
1

b− a
dx =

1
b− a

x2

2

∣∣∣∣
b

a

=
a + b

2
.

Àíàëîãè÷íî

Mξ2 =

b∫

a

x2

b− a
dx =

b2 + ab + a2

3
,

ïîýòîìó
Dξ =

b2 + ab + a2

3
− (a + b)2

4
=

(a− b)2

12
.

3) Íîðìàëüíîå ðàñïðåäåëåíèå.

p(x) =
1√

2πσ2
e−

(x−a)2

2σ2 , Mξ = a,

Dξ = M(ξ −Mξ)2 =

∞∫

−∞
(x− a)2

1√
2πσ2

e−
(x−a)2

2σ2 dx.

Ââåäåì íîâóþ ïåðåìåííóþ èíòåãðèðîâàíèÿ t = x−a
σ , òîãäà

Dξ =
σ√

2πσ2

∞∫

−∞
t2σ2e−

t2

2 dt =
σ2

√
2π

∞∫

−∞
t2e−

t2

2 dt =

=
σ2

√
2π

(
(−t)e−

t2

2

∣∣∣∣
∞

−∞
+

∞∫

−∞
e−

t2

2 dt

)
= σ2.

Ñâîéñòâà äèñïåðñèè.
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1) Dξ ≥ 0,
2) DC = 0 , C − ïîñòîÿííàÿ,
3) DCξ = C2Dξ,
4) D(ξ1 + ξ2) = Dξ1 + Dξ2, åñëè ξ1 è ξ2 íåçàâèñèìû.

Äîêàçàòåëüñòâî ïîñëåäíåãî ñâîéñòâà:

D(ξ1 +ξ2) = M(ξ1 +ξ2−M(ξ1 +ξ2))2 = M((ξ1−Mξ1)+(ξ2−Mξ2))2 =

= M((ξ1−Mξ1)2 +(ξ2−Mξ2)2 +2(ξ1−Mξ1)(ξ2−Mξ2)) = Dξ1 +Dξ2,

òàê êàê M((ξ1 − Mξ1)(ξ2 − Mξ2)) = M(ξ1 − Mξ1)M(ξ2 − Mξ2) =
(Mξ1 −Mξ1)(Mξ2 −Mξ2) = 0.

Êîâàðèàöèÿ, êîýôôèöèåíò êîððåëÿöèè.
Êîâàðèàöèÿ cov(ξ1, ξ2) ìåæäó ñëó÷àéíûìè âåëè÷èíàìè ξ1 è ξ2

îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

cov(ξ1, ξ2) = M((ξ1 −Mξ1)(ξ2 −Mξ2)) =

= M(ξ1ξ2 − (Mξ1)ξ2 − (Mξ2)ξ1 + Mξ1Mξ2) =

= M(ξ1ξ2)−Mξ1Mξ2 −Mξ2Mξ1 + Mξ1Mξ2 =

= M(ξ1ξ2)−Mξ1Mξ2.

Åñëè àðãóìåíòû ó êîâàðèàöèè ñîâïàäàþò, òî êîâàðèàöèÿ ïðåâðàùà-
åòñÿ â äèñïåðñèþ:

cov(ξ, ξ) = Dξ.

Ñ ïîìîùüþ êîâàðèàöèè ìîæíî íàïèñàòü ôîðìóëó äëÿ äèñïåðñèè
ñóììû:

D(ξ1 + ξ2) = Dξ1 + Dξ2 + 2cov(ξ1, ξ2).

Åñëè ξ1 è ξ2 íåçàâèñèìû, òî cov(ξ1, ξ2) = 0.
Èç ïîëîæèòåëüíîé îïðåäåëåííîñòè êâàäðàòè÷íîé ôîðìû D(c1ξ1+

c2ξ2) îòíîñèòåëüíî c1 è c2:

D(c1ξ1 + c2ξ2) = c2
1Dξ1 + c2

2Dξ2 + 2c1c2cov(ξ1, ξ2) ≥ 0

ñëåäóåò, ÷òî
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Dξ1 cov(ξ1, ξ2)
cov(ξ1, ξ2) Dξ2

≥ 0,

òî åñòü (cov(ξ1, ξ2))2 ≤ Dξ1Dξ2.
Êîýôôèöèåíò êîððåëÿöèè îïðåäåëÿåòñÿ êàê

ρ(ξ1, ξ2) =
cov(ξ1, ξ2)√

Dξ1Dξ2
.

Ñâîéñòâà êîýôôèöèåíòà êîððåëÿöèè.
1) |ρ(ξ1, ξ2)| ≤ 1,
2) ρ(ξ1, ξ2) = 0, åñëè ξ1 è ξ2 íåçàâèñèìû,
3) Ïóñòü ξ2 = Aξ1 + B, òîãäà ρ(ξ1, ξ2) = sign A.
Íà ñàìîì äåëå

cov(ξ1, ξ2) = cov(ξ1, Aξ1 + B) = Acov(ξ1, ξ1) = ADξ1,

Dξ2 = A2Dξ1,

îòêóäà
ρ(ξ1, ξ2) =

ADξ1√
Dξ1A2Dξ1

=
A

|A| .

2.5.1 6-îå ïðàêòè÷åñêîå ççàíÿòèå. Ìàòåìàòè÷åñêîå îæèäà-
íèå

Çàäà÷à 14.389. Èç óðíû, ñîäåðæàùåé 6 áåëûõ è 4 ÷åðíûõ øàðà,
íàóäà÷ó èçâëåêàþò 2 øàðà áåç âîçâðàùåíèÿ. Ñëó÷àéíûå âåëè÷èíû:
X � ÷èñëî áåëûõ øàðîâ â âûáîðêå, Y � ÷èñëî ÷åðíûõ øàðîâ â
âûáîðêå. Îïèñàòü çàêîí ðàñïðåäåëåíèÿ ñëó÷àéíîãî âåêòîðà (X,Y ) è
âû÷èñëèòü ρXY .

Ðåøåíèå. Òàáëèöà ðàñïðåäåëåíèÿ äëÿ ñëó÷àéíîãî âåêòîðà (X,Y )
èìååò âèä:
X \ Y 0 1 2

0 0 0 12/90
1 0 48/90 0
2 30/90 0 0

MX = 1 · 48
90 + 2 · 30

90 = 6
5 ,

MX2 = 1 · 48
90 + 4 · 30

90 = 28
15 ,

DX = 28
15 − 36

25 = 32
75 .

52



MY = 1 · 48
90 + 2 · 12

90 = −4
5 , MY 2 = 16

15 , DY = 32
75 , M(XY ) = 48

90 ,
cov(X,Y ) = 48

90 − 24
25 = −32

75 , ρXY = −1.
Çàäà÷à 14.397. ×èñëî X âûáèðàåòñÿ ñëó÷àéíûì îáðàçîì èç ìíî-

æåñòâà öåëûõ ÷èñåë {1, 2, 3}. Çàòåì èç òîãî æå ìíîæåñòâà âûáèðàåò-
ñÿ íàóäà÷ó ÷èñëî Y, áîëüøåå ïåðâîãî èëè ðàâíîå åìó. Îïèñàòü çàêîí
ðàñïðåäåëåíèÿ ñëó÷àéíîãî âåêòîðà (X, Y ) è îïðåäåëèòü, çàâèñèìû
èëè íåçàâèñèìû ñëó÷àéíûå êîìïîíåíòû X è Y.

Ðåøåíèå. Òàáëèöà ðàñïðåäåëåíèÿ äëÿ ñëó÷àéíîãî âåêòîðà (X,Y )
èìååò âèä:

X \ Y 1 2 3
1 1/9 1/9 1/9 1/3
2 0 1/6 1/6 1/3
3 0 0 1/3 1/3

1/9 5/18 11/18

Â ýòîé òàáëèöå ïîñëåäíèé ñòîëáåö ïðåäñòàâëÿåò ðÿä ðàñïðåäåëåíèÿ
äëÿ ñëó÷àéíîé âåëè÷èíû X, à ïîñëåäíÿÿ ñòðîêà � ðÿä ðàñïðåäåëåíèÿ
äëÿ ñëó÷àéíîé âåëè÷èíû Y. Ñëó÷àéíûå âåëè÷èíû X è Y çàâèñèìû,
òàê êàê ñîâìåñòíûå âåðîÿòíîñòè íå ðàâíû ïðîèçâåäåíèþ îòäåëüíûõ
âåðîÿòíîñòåé.

Çàäà÷à 6.1. Íàéòè ìàòåìàòè÷åñêîå îæèäàíèå âåëè÷èíû τ, ãäå τ
� ÷èñëî èñïûòàíèé â ñõåìå Áåðíóëëè äî ïîÿâëåíèÿ ïåðâîãî óñïåõà
âêëþ÷èòåëüíî.

Ðåøåíèå. P (τ = k) = pqk−1, q = 1− p, k = 1, 2, 3, ...,

Mτ =
∞∑

k=1

kP (τ = k) =
∞∑

k=1

kpqk−1 =

= p
∞∑

k=1

kqk−1 = p(
∞∑

k=1

qk)′ = p(
q

1− q
)′ =

p

(1− q)2
=

1
p
.

Çàäà÷à 6.8. Èç 100 êàðòî÷åê ñ ÷èñëàìè 00, 01, 02, . . . , 98, 99
íàóäà÷ó âûíèìàåòñÿ îäíà. Ïóñòü η1, η2 − ñîîòâåòñòâåííî ñóììà è
ïðîèçâåäåíèå öèôð íà âûíóòîé êàðòî÷êå. Íàéòè Mη1, Mη2, Dη1,
Dη2.

53



Ðåøåíèå. Ïóñòü ξ1 − ñëó÷àéíàÿ âåëè÷èíà, çíà÷åíèÿ êîòîðîé ñîâ-
ïàäàþò ñ ïåðâîé öèôðîé êàðòû, ξ2 − òî æå ñàìîå äëÿ âòîðîé öèôðû.
P (ξ1 = k) = P (ξ2 = k) = 0.1, k = 0, 1, ..., 9. ξ1 è ξ2 íåçàâèñèìû.

Mξ1 = Mξ2 =
9∑

k=0

kP (ξ1 = k) = 0.1 · 45 = 4.5,

Mξ2
1 =

9∑

k=0

k2P (ξ1 = k) = 28.5,

Dξ1 = Dξ2 = 8.25, M(ξ1 + ξ2) = 9, Mη2 = M(ξ1ξ2) = 20.25,

Dη1 = D(ξ1 + ξ2) = 16.5,

Dη2 = Mη2
2 − (Mη2)2 = 28.52 − 20.252 = 402.1875.

Çàäà÷à 6.11. Ñëó÷àéíûå âåëè÷èíû ξ1, ξ2, ξ3, ξ4, ξ5 íåçàâèñèìû.
Dξ1 = σ2. Íàéòè êîýôôèöèåíò êîððåëÿöèè âåëè÷èí: à) ξ1 + ξ2 è
ξ3 + ξ4 + ξ5; á) ξ1 + ξ2 + ξ3 è ξ3 + ξ4 + ξ5.

Ðåøåíèå. cov(ξ1+ξ2, ξ3+ξ4+ξ5) = 0, cov(ξ1+ξ2+ξ3, ξ3+ξ4+ξ5) =
cov(ξ3, ξ3) = Dξ3 = σ2, D = (ξ1 + ξ2 + ξ3) = D(ξ3 + ξ4 + ξ5) = 3σ2.

ρ(ξ1 + ξ2 + ξ3, ξ3 + ξ4 + ξ5) =
σ2

√
3σ2 · 3σ2

=
1
3
.

Çàäà÷à 6.24. Ïðèìåíèì ëè çàêîí áîëüøèõ ÷èñåë ê ïîñëåäîâà-
òåëüíîñòè íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ξ1, ξ2, . . . , ξk, . . . , åñëè
P (ξk =

√
k) = P (ξk = −

√
k) = 1

2
√

k
, P (ξk = 0) = 1− 1√

k
?

Ðåøåíèå.

Mξk = (−
√

k) · 1
2
√

k
+ 0 · (1− 1√

k
) +

√
k · 1

2
√

k
= 0,

Mξ2
k = k · 1

2
√

k
+ 0 · (1− 1√

k
) + k · 1

2
√

k
=
√

k, Dξk =
√

k.

n∑
k=1

Dξk

n2
=

n∑
k=1

√
k

n2
<

n
√

n

n2
=

1√
n
→ 0 ïðè n →∞.
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Çàêîí áîëüøèõ ÷èñåë ïðèìåíèì.
Çàäà÷à 6.26. Äîêàçàòü, ÷òî ê ïîñëåäîâàòåëüíîñòè ξ1, ξ2, . . . , ξk, . . .

ïðèìåíèì çàêîí áîëüøèõ ÷èñåë, åñëè |cov(ξk, ξl)| ≤ C äëÿ âñåõ k, l =
1, 2, . . . è cov(ξk, ξl) → 0 ïðè |k − l| → ∞.

Ðåøåíèå. ∀ ε > 0 ∃ K → |cov(ξi, ξj)| < ε åñëè |i− j| > K.

1
n2

D(ξ1 + ξ2 + · · ·+ ξn) =

=
1
n2




n∑

i=1

Dξi + 2
∑

i < j
j − i < K

cov(ξi, ξj) + 2
∑

i < j
j − i ≥ K

cov(ξi, ξj)



≤

≤ 1
n2

(C · (n2− (n−K)2)+ ε(n−K)2) = (1− K

n
)2ε+C(

2K

n
− K2

n2
) → ε

ïðè n →∞.

Çàäà÷è äîìàøíåãî çàäàíèÿ

Çàäà÷à 14.390. Ïðîèçâîäèòñÿ äâà âûñòðåëà ïî ìèøåíè â íåèç-
ìåííûõ óñëîâèÿõ. Âåðîÿòíîñòü ïîïàäàíèÿ â ìèøåíü ïðè îäíîì âû-
ñòðåëå ðàâíà p. Ñëó÷àéíûå âåëè÷èíû: X � ÷èñëî âûñòðåëîâ äî ïåð-
âîãî ïîïàäàíèÿ (âêëþ÷èòåëüíî), Y � ÷èñëî ïðîìàõîâ. Îïèñàòü çàêîí
ðàñïðåäåëåíèÿ ñëó÷àéíîãî âåêòîðà (X,Y ). Íàéòè öåíòð ðàññåÿíèÿ
äàííîãî ðàñïðåäåëåíèÿ è çíà÷åíèÿ σ2

X è σ2
Y .

Îòâåò:
xi \ yj 0 1 2

1 p2 pq 0
2 0 pq q2

(mX ,mY ) = (1 + q, 2q)
σ2

X = pq, σ2
Y = 2pq.

Çàäà÷à 14.398. Â óñëîâèÿõ çàäà÷è 14.397 íàéòè êîýôôèöèåíò
êîððåëÿöèè ρXY .

Îòâåò: ρXY =
√

6/17 ≈ 0.594.
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Çàäà÷à 6.2. Ó ÷åëîâåêà â êàðìàíå n êëþ÷åé, èç êîòîðûõ òîëüêî
îäèí ïîäõîäèò ê åãî äâåðè. Êëþ÷è ïîñëåäîâàòåëüíî èçâëåêàþòñÿ (áåç
âîçâðàùåíèÿ) äî òåõ ïîð, ïîêà íå ïîÿâèòñÿ íóæíûé êëþ÷. Îáîçíà÷èì
÷åðåç ξ íîìåð èñïûòàíèÿ, â êîòîðîì ïîÿâèëñÿ íóæíûé êëþ÷. Íàéòè
Mξ.

Îòâåò: (n + 1)/2.

Çàäà÷à 6.9. Ñîâìåñòíîå ðàñïðåäåëåíèå ñëó÷àéíûõ âåëè÷èí ξ1 è ξ2

çàäàíî òàáëèöåé:

ξ1 \ ξ2 −1 0 1
−1 1/8 1/12 7/24
1 5/24 1/6 1/8

Íàéòè Mξ1, Mξ2, Dξ1, Dξ2, cov(ξ1, ξ2).

Îòâåò: Mξ1 = 0, Mξ2 = 1/12, Dξ1 = 1, Dξ2 = 107/144,
cov(ξ1, ξ2) = −1/4.

Çàäà÷à 6.12. Ïóñòü (ξ1, ξ2, ..., ξN ) � äèñêðåòíûé ñëó÷àéíûé âåê-
òîð ñ ïîëèíîìèàëüíûì ðàñïðåäåëåíèåì

P (ξ1 = m1, ξ2 = m2, ..., ξN = mN ) =
n!

m1!m2! · · ·mN !
pm1
1 · · · pmN

N .

Íàéòè Mξk, cov(ξk, ξl), k, l = 1, 2, ..., N.

Îòâåò: Mξk = npk, Dξk = npk(1− pk), cov(ξk, ξl) = −npkpl(k 6= l).

Çàäà÷à 6.25. Ïðèìåíèì ëè çàêîí áîëüøèõ ÷èñåë ê ïîñëåäîâà-
òåëüíîñòè íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ξ1, ξ2, ..., ξk, ..., åñëè îíè
íîðìàëüíî ðàñïðåäåëåíû ñ Mξk = 0, Dξk = ckα; c > 0, α > 0 �
íåêîòîðûå ïîñòîÿííûå?

Îòâåò: Ïðè α < 1 ïðèìåíèì; ïðè α ≥ 1 íå ïðèìåíèì.

Çàäà÷à 6.31. Ïðåäïîëàãàåòñÿ ïðîâåñòè 10 èçìåðåíèé x1, x2, ..., x10

íåèçâåñòíîé âåëè÷èíû a. Ñ÷èòàÿ x1, ..., x10 íåçàâèñèìûìè íîðìàëüíî
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ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè÷èíàìè ñ Mxk = a, Dxk = 0.01,
ïîäîáðàòü ∆ òàê, ÷òîáû

P

(∣∣∣∣
x1 + x2 + · · ·+ x10

10
− a

∣∣∣∣ < ∆
)

= 0.99.

Îòâåò: 0.08145...

2.6 Çàêîí áîëüøèõ ÷èñåë
Ëåììà. Ïóñòü ñëó÷àéíàÿ âåëè÷èíà ξ íåîòðèöàòåëüíà, ò.å.

P (ξ ≥ 0) = 1, òîãäà ∀ε > 0 P (ξ ≥ ε) ≤ Mξ
ε .

Äîêàçàòåëüñòâî. Ïóñòü ñíà÷àëà ξ ðàñïðåäåëåíî íåïðåðûâíî. Òî-
ãäà

Mξ =

∞∫

−∞
xp(x)dx =

∞∫

0

xp(x)dx ≥
∞∫

ε

xp(x)dx ≥ ε

∞∫

ε

p(x)dx = εP (ξ ≥ ε).

Åñëè ξ ðàñïðåäåëåíî äèñêðåòíî, òîãäà

Mξ =
∑

k

xkpk =
∑

xk≥0

xkpk ≥ ε
∑

xk≥ε

pk = εP (ξ ≥ ε).

Íåðàâåíñòâî ×åáûøåâà. P (|ξ −Mξ| ≥ ε) ≤ Dξ
ε2

.
Äîêàçàòåëüñòâî.

P (|ξ −Mξ| ≥ ε) = P ((ξ −Mξ)2 ≥ ε2) ≤ M(ξ −Mξ)2

ε2
=

Dξ

ε2
.

Òåîðåìà. Åñëè ñëó÷àéíûå âåëè÷èíû ξ1, ξ2, ..., ξn íåçàâèñèìû è

lim
n→∞

n∑
k=1

Dξk

n2
= 0, òî lim

n→∞P

(∣∣∣∣∣

n∑
k=1

ξk

n
−

n∑
k=1

Mξk

n

∣∣∣∣∣ < ε

)
= 1.

Äîêàçàòåëüñòâî.

P

(∣∣∣∣∣

n∑
k=1

ξk

n
−

n∑
k=1

Mξk

n

∣∣∣∣∣ ≥ ε

)
= P

(∣∣∣∣∣

n∑
k=1

(
ξk −Mξk

)

n

∣∣∣∣∣ ≥ ε

)
≤
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≤
D

( nP
k=1

(
ξk−Mξk

)

n

)

ε2
=

D
n∑

k=1

ξk

n2ε2
→ 0.

Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû.
Ñõîäèìîñòü ïî âåðîÿòíîñòè. Ãîâîðÿò, ÷òî ïîñëåäîâàòåëü-

íîñòü ξn ñòðåìèòñÿ ïî âåðîÿòíîñòè ê ξ (÷òî îáîçíà÷àåòñÿ òàê:
ξn

P−→
n→∞ ξ), åñëè ∀ ε > 0 lim

n→∞P

(∣∣∣∣ξn − ξ

∣∣∣∣ < ε

)
= 1.

Äîêàçàííàÿ âûøå òåîðåìà ôîðìóëèðóåòñÿ òàê:
n∑

k=1

ξk

n
−

n∑
k=1

Mξk

n

P−→
n→∞ 0.

Òåîðåìà ×åáûøåâà: Åñëè ñëó÷àéíûå âåëè÷èíû ξ1, ξ2, ..., ξn ïî-
ïàðíî íåçàâèñèìû è Dξi ≤ C, òî äëÿ ∀ε > 0

lim
n→∞P

(∣∣∣∣∣

n∑
k=1

ξk

n
−

n∑
k=1

Mξk

n

∣∣∣∣∣ < ε

)
= 1.

Äîñòàòî÷íî äîêàçàòü, ÷òî lim
n→∞

nP
k=1

Dξk

n2 = 0. Ýòî î÷åâèäíî, òàê êàê
nP

k=1
Dξk

n2 ≤
nP

k=1
C

n2 = C
n → 0 ïðè n →∞.

Ñëåäñòâèå. Åñëè ñëó÷àéíûå âåëè÷èíû ξ1, ξ2, ..., ξn ïîïàðíî íåçà-
âèñèìû è îäèíàêîâî ðàñïðåäåëåíû, èìåþò êîíå÷íóþ äèñïåðñèþ, òî
äëÿ ∀ε > 0

lim
n→∞P

(∣∣∣∣∣

n∑
k=1

ξk

n
− a

∣∣∣∣∣ < ε

)
= 1,

ãäå a = Mξk.
Òåîðåìà Áåðíóëëè. Ïóñòü µn � ÷èñëî óñïåõîâ â èñïûòàíèÿõ

Áåðíóëëè ñ âåðîÿòíîñòüþ p ïîÿâëåíèÿ óñïåõà â îòäåëüíîì èñïû-
òàíèè. Òîãäà äëÿ ∀ε > 0 lim

n→∞P

(∣∣∣∣µn

n − p

∣∣∣∣ < ε

)
= 1.
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Äîêàçàòåëüñòâî. Ïóñòü ξk îïèñûâàåò ðåçóëüòàò k-ãî èñïûòàíèÿ
è èìååò ðÿä ðàñïðåäåëåíèÿ

xk| 0 | 1
pk| q | p

,

òîãäà Mξk = 0·q+1·p = p, Mξ2 = 02·q+12·p = p, Dξ = mξ2
i −(Mξi)2 =

p − p2 = pq, ξ1 + ξ2 + · · · ξn = µn. Ïîñëå ýòîãî òåîðåìà Áåðíóëëè
ïðåäñòàâëÿåò ÷àñòíûé ñëó÷àé ñëåäñòâèÿ òåîðåìû ×åáûøåâà, òàê êàê

nP
k=1

ξk

n = µn

n .

2.7 Ïðåäåëüíûå òåîðåìû
Õàðàêòåðèñòè÷åñêèå ôóíêöèè. Ïóñòü ξ − ñëó÷àéíàÿ âåëè÷èíà.
Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ïî îïðåäåëåíèþ åñòü f(t) = fξ(t) =
Meiξt = M(cos(ξt) + i sin(ξt)).

Ïðèìåðû:
1) Ðàñïðåäåëåíèå Ïóàññîíà.

f =
∑

k

eixktpk =
∞∑

k=0

eixkt λ
k

k!
e−λ = e−λ

∞∑

k=0

(λeit)k

k!
= e−λ+λeit

.

2) Ðàâíîìåðíîå ðàñïðåäåëåíèå íà ñåãìåíòå [a, b].

f(t) = M exp(iξt) =

∞∫

−∞
eixtp(x)dx =

b∫

a

exp(ixt)
b− a

dx =
eibt − eiat

it(b− a)
.

3) Íîðìàëüíîå ðàñïðåäåëåíèå.

f(t) =

∞∫

−∞
eixtp(x)dx =

1√
2πσ2

∞∫

−∞
eixt− (x−a2)

2σ2 dx.

Ñäåëàåì çàìåíó: x−a
σ = u. Òîãäà

f(t) =
1√

2πσ2

∞∫

−∞
ei(a+σu)t−u2

2 σdu =
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=
eiat

√
2π

∞∫

−∞
(cosσut + i sinσut)e−

u2

2 du =
eiat

√
2π

∞∫

−∞
cos(σut) e−

u2

2 du.

Ïóñòü

g(t) =
1√
2π

∞∫

−∞
cos(σut) e−

u2

2 du.

Òîãäà

g′(t) = − σ√
2π

∞∫

−∞
u sin(σut) e−

u2

2 du = −σ2tg(t).

Èñêîìàÿ ôóíêöèÿ g(t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíå-
íèþ g′(t) = −σ2tg(t) ñ íà÷àëüíûì óñëîâèåì g(0) = 1. Îáùåå ðåøåíèå
òàêîãî óðàâíåíèÿ � g(t) = Ce−σ2t22. Èç óñëîâèÿ g(0) = 1 ñëåäóåò,
÷òî C = 1. Çíà÷èò,

f(t) =
1√
2π

eiat−σ2t2/2.

Ñâîéñòâà õàðàêòåðèñòè÷åñêîé ôóíêöèè:
1) f (k)(t) = dk

dtk
Meiξt = M(iξ)keiξt, f (k)(0) = ikMξk,

2) faξ+b(t) = Mei(aξ+b)t = eibtMeiξ(at) = eibtfξ(at),
3) ïóñòü ξ1, ξ2 � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, òîãäà

fξ1+ξ2(t) = Mei(ξ1+ξ2)t = Meiξ1teiξ2t = Meiξ1tMeiξ2t = fξ1(t)fξ2(t),

4) ïóñòü ξ � íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà, òîãäà
fξ(t) =

∞∫
−∞

eixtp(x)dx � ýòî ïðåîáðàçîâàíèå Ôóðüå; åñëè p(x) − íåïðå-

ðûâíî äèôôåðåíöèðóåìà, òî p(x) = 1
2π

∞∫
∞

e−ixtf(t)dt, íî p(x) îäíî-

çíà÷íî îïðåäåëÿåò ôóíêöèþ ðàñïðåäåëåíèÿ F (x) =
x∫

−∞
p(u)du. Òà-

êèì îáðàçîì, åñëè ξ − íåïðåðûâíàÿ ñëó÷àéíàÿ âåëè÷èíà, òî ìåæäó
fξ(t) u Fξ(x) ñóùåñòâóåò íåïðåðûâíîå âçàèìíî îäíîçíà÷íîå ñîîòâåò-
ñòâèå. Îêàçûâàåòñÿ, ýòî âåðíî äëÿ ëþáûõ ñëó÷àéíûõ âåëè÷èí.

Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà.
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1)(Óïðîùåííàÿ ôîðìóëèðîâêà.)Ïóñòü âåëè÷èíû ξ1, ξ2, ..., ξn íåçà-
âèñèìû, îäèíàêîâî ðàñïðåäåëåíû, èìåþò êîíå÷íóþ äèñïåðñèþ σ2,
Mξk = a, ηn = ξ1+ξ2+···+ξn−na

σ
√

n
. Òîãäà

Fηn(x) = P

(
ξ1 + ξ2 + · · ·+ ξn − na

σ
√

n
< x

)
→ 1√

2π

x∫

−∞
e−

u2

2 du

ïðè n →∞.
Ðàññìîòðèì

fηn(t) = f nP
k=1

ξk−a

σ
√

n

(t) =
n∏

k=1

f ξk−a

σ
√

n

(t) =
[
f ξ1−a

σ
√

n

(t)
]n

=

=
[
fξ1−a(

t

σ
√

n
)
]n

=
[
1 + it

M(ξ1 − a)
σ
√

n
+ i2t2

M(ξ1 − a)2

2σ2n
+ · · ·

]n

=

=
(

1− t2σ2

2σ2n
+ · · ·

)n

→ e−
t2

2

ïðè n →∞. Òàêèì îáðàçîì, ïðåäåë åñòü õàðàêòåðèñòè÷åñêàÿ ôóíê-
öèÿ íîðìàëüíî-ñòàíäàðòíîãî ðàñïðåäåëåíèÿ. Çíà÷èò

F ξ1+ξ2+···+ξn−na

σ
√

n

(x) → 1√
2π

x∫

−∞
e−

u2

2 du.

2)( Ôîðìóëèðîâêà Ëÿïóíîâà.) Ïóñòü ξ1, ξ2, ..., ξn � íåçàâèñèìûå
ñëó÷àéíûå âåëè÷èíû, îáëàäàþùèå êîíå÷íûì òðåòüèì öåíòðàëüíûì
ìîìåíòîì c3

3 = M |ξ − ak|3, ak = Mξk. Ïîëîæèì An =
n∑

k=1

ak, B2
n =

n∑
k=1

Dξk, C3
n =

n∑
k=1

c3
k. Åñëè Cn

Bn
→ 0 ïðè n →∞, òî

P

(
ξ1 + ξ2 + · · ·+ ξn −An

Bn
< x

)
→ 1√

2π

x∫

−∞
e−

u2

2 du

ïðè n →∞.
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Òåîðåìó ïðèìåì áåç äîêàçàòåëüñòâà.
3) Èíòåãðàëüíàÿ ïðåäåëüíàÿ òåîðåìà Ìóàâðà � Ëàïëàñà.

Ïóñòü p � âåðîÿòíîñòü óñïåõà â èñïûòàíèÿõ Áåðíóëëè, n � ÷èñëî
èñïûòàíèé, m � ÷èñëî óñïåõîâ â ýòèõ èñïûòàíèÿõ, xm = m−np√

npq ,

òîãäà äëÿ ∀a, b

lim
n→∞P (a < xm < b) =

1√
2π

b∫

a

e−
u2

2 du.

Äîêàçàòåëüñòâî. k-ìó èñïûòàíèþ ïîñòàâèì â ñîîòâåòñòâèå ñëó÷àé-
íóþ âåëè÷èíó ξk ñ ðÿäîì ðàñïðåäåëåíèÿ

xk| 0 | 1
pk| q | p

,

q = 1 − p. Ââèäó íåçàâèñèìîñòè èñïûòàíèé ÷ëåíû ïîñëåäîâàòåëü-
íîñòè ξ1, ξ2, ..., ξn íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû. Mξk = p,
Dξk = pq, ξ1+ξ2+· · ·+ξn = m, An = np, B2

n = npq, çíà÷èò, xm = m−np√
npq

ïðåäñòàâëÿåò ñîáîé ëåâóþ ÷àñòü íåðàâåíñòâà ïîä çíàêîì âåðîÿòíî-
ñòè â öåíòðàëüíîé ïðåäåëüíîé òåîðåìå, ïîýòîìó lim

n→∞P (xm < x) =

1√
2π

x∫
−∞

e−
u2

2 du, îòêóäà lim
n→∞P (a < xm < b) = 1√

2π

b∫
a

e−
u2

2 du.

2.7.1 7-îå ïðàêòè÷åñêîå çàíÿòèå. Ïðåäåëüíûå òåîðåìû
Çàäà÷à 14.556. Ïðîâîäÿòñÿ ïîñëåäîâàòåëüíûå èñïûòàíèÿ ïî ñõå-

ìå Áåðíóëëè. Âåðîÿòíîñòü îñóùåñòâëåíèÿ ñîáûòèÿ A â îäíîì èñïû-
òàíèè p = 0.6. Ñ÷èòàÿ ïðèìåíèìûìè ïðåäåëüíûå òåîðåìû Ìóàâðà �
Ëàïëàñà, âû÷èñëèòü âåðîÿòíîñòè ñëåäóþùèõ ñîáûòèé: B= {ñîáûòèå
A ïðîèçîéäåò â áîëüøèíñòâå èç 60 èñïûòàíèé}, C={÷èñëî óñïåøíûõ
îñóùåñòâëåíèé ñîáûòèÿ A â 60 èñïûòàíèÿõ áóäåò çàêëþ÷åíî ìåæäó
30 è 42}.

Ðåøåíèå. P (B) = P (m ≥ 31) = P (m−np√
npq ≥ 31−np√

npq ) =

= P ( m−36√
60·0.6·0.4

≥ 31−36
12

√
10) = 0.5 + Φ(5

√
10

12 ) = 0.5 + Φ(1.2) = 0.9032,

P (C) = P (30 ≤ m ≤ 42) = P (−6
√

10
12 ≤ xm ≤ 6

√
10

12 ) = 2Φ(1.2) =
0.8046.
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Çàäà÷à 14.568. Â îïûòå Áþôôîíà ìîíåòà áûëà ïîäáðîøåíà 4040
pàç, ïðè÷åì ãåðá âûïàë 2048 ðàç. Ñ êàêîé âåðîÿòíîñòüþ ìîæíî ïðè
ïîâòîðåíèè îïûòà ïîëó÷èòü òàêîå æå èëè åùå áîëüøåå îòêëîíåíèå
îòíîñèòåëüíîé ÷àñòîòû óñïåõîâ îò âåðîÿòíîñòè óñïåõà â îäíîì îïû-
òå?

Ðåøåíèå. n=4040, m=2048, P (m ≥ 2048 èëè m ≤ 1992) =
= 2P ( m−2020√

4040·0.5·0.5
≥ 28√

1010
) = 2(xm ≥ 0.9) = 2(0.5− 0.32) = 1− 0.64 =

0.36.
Çàäà÷à 14.574. Ñðåäíåå ÷èñëî âûçîâîâ íà ÀÒÑ çà 1 ìèíóòó ðàâ-

íî λ = 20 = mX . Íàéòè âåðîÿòíîñòè ñëåäóþùèõ ñîáûòèé: A = {X ≥
20}; B = {10 < X < 30}.

Ðåøåíèå. Ïóñòü ξ ðàñïðåäåëåíà ïî Ïóàññîíó ñ ïàðàìåòðîì λ. Åñ-
ëè λ âåëèêà, òî ξ−λ√

λ
ïîä÷èíÿåòñÿ íîðìàëüíî-ñòàíäàðòíîìó ðàñïðåäå-

ëåíèþ. P (A) = P (X ≥ 20) = P (X−20√
20

≥ 20−20√
20

≈ 1√
2π

∞∫
0

e−
t2

2 dt = 0.5,

P (B) = P (10 ≤ X ≤ 30) = P (
∣∣∣∣X−20√

20

∣∣∣∣ < 10√
20

) ≈ 2 · 0.49 = 0.98.

Çàäà÷à 7.6(â). Âû÷èñëèòü õàðàêòåðèñòè÷åñêèå ôóíêöèè ñëåäó-
þùèõ çàêîíîâ ðàñïðåäåëåíèÿ: â) ïîêàçàòåëüíîãî.

Ðåøåíèå. â) p(x) = αe−αx, x > 0. f(t) = Meiξt =
∞∫
0

αe−αxeixtdx =
α

α−it .
Çàäà÷à 7.7(à). Íàéòè çàêîí ðàñïðåäåëåíèÿ, ñîîòâåòñòâóþùèé

õàðàêòåðèñòè÷åñêîé ôóíêöèè cos t.
Ðåøåíèå. f(t) = cos t = eit+e−it

2 = 1
2 · ei(−1)t + 1

2 · ei·1·t, ïîýòîìó

ðÿä ðàïðåäåëåíèÿ èìååò âèä: xk -1 1
pk 0.5 0.5

Çàäà÷à 7.11. Ñêëàäûâàåòñÿ 104 ÷èñåë, êàæäîå èç êîòîðûõ îêðóã-
ëåíî ñ òî÷íîñòüþ äî 10−m. Ïðåäïîëàãàÿ, ÷òî îøèáêè îò îêðóãëåíèÿ
íåçàâèñèìû è â èíòåðâàëå (−0.5 ·10−m; 0.5 ·10−m) ðàñïðåäåëåíû ðàâ-
íîìåðíî, íàéòè ïðåäåëû, â êîòîðûõ ñ âåðîÿòíîñòüþ, íå ìåíüøåé 0.99,
áóäåò ëåæàòü ñóììàðíàÿ îøèáêà.

Ðåøåíèå. n = 104. ξk ðàñïðåäåëåíà ðàâíîìåðíî íà [−α, α], α =

0.5 · 10−m, k = 1, 2, ..., n. η =
n∑

k=1

ξk � ñóììàðíàÿ îøèáêà. Mξk = 0.
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Mξ2
k = Dξk =

α∫
−α

x2 1
2αdx = α2

3 . Mη = 0, Dη = nα2

3 , ζ = η√
Dη

= η
√

3
100α

ðàñïðåäåëåíà íîðìàëüíî-ñòàíäàðòíî. (|ζ| < A) = 2Φ(A) = 0.99, A =
Φ−1(0.495) = 2.58. |η| < 100α·2.58√

3
.

Çàäà÷à 7.14. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξ1, ξ2, ..., ξn íåçàâèñè-
ìû; P (ξk = 1) = 1− P (ξk = 0) = pk(n); k = 1, 2, ... Íàéòè lim

n→∞P (ξ1 +

ξ2 + · · ·+ ξn = m), åñëè p1(n) + · · ·+ pn(n) → λ è max
1≤k≤n

pk(n) → 0 ïðè
n →∞.

Ðåøåíèå. fξk
(t) = eitξk = eitpk(n) + 1− pk(n) = 1 + (eit− 1)pk(n),

fP ξk
(t) =

n∏
k=1

(
1 + (eit − 1)pk(n)

)
, ln fP ξk

(t) =
n∑

k=1

ln
(

1 + (eit −

1)pk(n)
)
≈

n∑
k=1

(
(eit−1)pk(n)+ · · ·

)
→ (eit−1)λ, fP ξk

(t) → eλ(eit−1),

ò.å. ðàñïðåäåëåíèå ñóììû ξ1+ξ2+· · ·+ξn ñòðåìèòñÿ ê ðàñïðåäåëåíèþ
Ïóàññîíà.

Çàäà÷è äîìàøíåãî çàäàíèÿ.
Çàäà÷à 14.557. Ïðè óñëîâèÿõ çàäà÷è 14.556 íàéòè âåðîÿòíîñòü

ñîáûòèÿ D={ñîáûòèå A îñóùåñòâëÿåòñÿ 36 ðàç â 60 èñïûòàíèÿõ}.

Îòâåò: P (D) ≈ 0.1051.

Çàäà÷è 14.569, 14.570. Ñêîëüêî ðàç íóæíî ïîäáðîñèòü ìîíå-
òó, ÷òîáû ñ âåðîÿòíîñòüþ, íå ìåíüøåé 0.975, óòâåðæäàòü, ÷òî ÷àñòî-
òà âûïàäåíèÿ ãåðáà ïîïàäåò â èíòåðâàë (0.4, 0.6)? Ïîëó÷èòü îöåí-
êó óêàçàííîãî ÷èñëà: à) èñïîëüçóÿ âòîðîå íåðàâåíñòâî ×åáûøåâà; á)
ïðèìåíÿÿ èíòåãðàëüíóþ òåîðåìó Ìóàâðà � Ëàïëàñà.

Îòâåò: à) Íå ìåíåå 1000 ðàç, á) íå ìåíåå 127 ðàç.

Çàäà÷à 7.6(à, ã). Âû÷èñëèòü õàðàêòåðèñòè÷åñêèå ôóíêöèè ðàñ-
ïðåäåëåíèé: à) áèíîìèàëüíîãî; ã) ðàâíîìåðíîãî íà îòðåçêå [−1, 1].

Îòâåò: à) (peit + q)n; ã) sin t/t.

Çàäà÷à 7.7(á). Íàéòè çàêîíû ðàñïðåäåëåíèÿ, ñîîòâåòñòâóþùèå
õàðàêòåðèñòè÷åñêèì ôóíêöèÿì: á) cos2 t.

Îòâåò: P (ξ = 2) = P (ξ = −2) = 1/4, P (ξ = 0) = 1/2.
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Çàäà÷à 7.9. Âåëè÷èíû ξ1, ξ2, ξ3 íåçàâèñèìû è íîðìàëüíî ðàñïðå-
äåëåíû ñ ïàðàìåòðàìè (1, 1), (0, 4), (−1, 1). Íàéòè: à) P (ξ1 +ξ2 + ξ3 <
0); á) P (|2ξ1 − ξ2 + ξ3| < 3).

Îòâåò: à) 0.5, á) 0.6826.

Çàäà÷à 7.15. Ïëîòíîñòü ðàñïðåäåëåíèÿ pξ(x) ñëó÷àéíîé âåëè-
÷èíû ξ íåïðåðûâíà è îãðàíè÷åíà íà îòðåçêå [a, b] è ðàâíà 0 âíå
[a, b]. Ïîëîæèì ηn = {nξ}, ãäå {x} � äðîáíàÿ ÷àñòü ÷èñëà x. Íàéòè
lim

n→∞P (ηn < x), 0 < x < 1.

Îòâåò: x(0 < x < 1).

Çàäà÷à 7.19. Ïóñòü τ2 � ÷èñëî èñïûòàíèé â ñõåìå Áåðíóëëè,
ïðîøåäøåå îò íà÷àëà èñïûòàíèé äî ïîÿâëåíèÿ âòîðîãî óñïåõà. Ïî-
ëó÷èòü 10 íåçàâèñèìûõ ðåàëèçàöèé âåëè÷èíû τ2, åñëè âåðîÿòíîñòü
óñïåõà â îòäåëüíîì èñïûòàíèè: à) p = 0.5; á) p = 0.75. Íàéòè ñðåäíèå
àðèôìåòè÷åñêèå è ñðàâíèòü ñ Mτ2.
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3 ÝËÅÌÅÍÒÛ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÑÒÀ-
ÒÈÑÒÈÊÈ

3.1 Ïîíÿòèå âûáîðêè. Âûáîðî÷íîå ðàñïðåäåëåíèå
Ïóñòü ξ � íåêîòîðàÿ ñëó÷àéíàÿ âåëè÷èíà, è ïðîâîäèòñÿ ýêñïåðèìåíò,
â êîòîðîì îñóùåñòâëÿþòñÿ ïîâòîðíûå íåçàâèñèìûå íàáëþäåíèÿ íàä
ýòîé ñëó÷àéíîé âåëè÷èíîé. Ïóñòü ýòèõ íàáëþäåíèé (èñïûòàíèé) n.
Ïîÿâëÿþùèåñÿ ïðè èñïûòàíèÿõ ÷èñëà îáîçíà÷èì x1, x2, ..., xn. Óäîá-
íî ñ÷èòàòü, ÷òî k-îå èñïûòàíèå îïèñûâàåòñÿ ñëó÷àéíîé âåëè÷èíîé
Xk, ïîä÷èíåííîé òîìó æå çàêîíó ðàñïðåäåëåíèÿ, ÷òî è ξ. Âåêòîð
X = (X1, X2, . . . , Xn) èç íåçàâèñèìûõ, îäèíàêîâî ðàñïðåäåëåííûõ
ïî òîìó æå çàêîíó, ÷òî è íàáëþäàåìàÿ ñëó÷àéíàÿ âåëè÷èíà ξ, ñëó-
÷àéíûõ âåëè÷èí X1, X2, ..., Xn íàçûâàåòñÿ ñëó÷àéíîé âûáîðêîé, Xk

− ýëåìåíòîì âûáîðêè, n � îáúåìîì âûáîðêè, x = (x1, x2, ..., xn) �
ðåàëèçàöèåé âûáîðêè.

Ðàññìîòðèì ñîáûòèå (Xk < x), çàêëþ÷àþùååñÿ â òîì, ÷òî âî âðå-
ìÿ k-ãî èñïûòàíèÿ ñëó÷àéíàÿ âåëè÷èíà ξ ïðèìåò çíà÷åíèå, ìåíüøåå
x. ×èñëî òàêèõ ñëó÷àåâ îáîçíà÷èì µn(x). Çíà÷èò, µn = |k : Xk < x| �
÷èñëî ýëåìåíòîâ âûáîðêè, ìåíüøèõ x. Îáîçíà÷èì F ∗

n(x) = µn(x)
n . Ýòî

ñëó÷àéíàÿ âåëè÷èíà, ïðåäñòàâëÿþùàÿ ÷àñòîòó ñîáûòèÿ (ξ < x), íà-
çûâàåòñÿ âûáîðî÷íûì ðàñïðåäåëåíèåì èëè ýìïèðè÷åñêîé ôóíêöèåé
ðàñïðåäåëåíèÿ.

Òåîðåìà:
F ∗

n(x) P→F (x), åñëè n →∞.

Äîêàçàòåëüñòâî. Ïóñòü äëÿ ∀x ∈ (−∞,∞) p = P (ξ < x) = P (Xk <
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x), ò.å. (Xk < x) � �óñïåõ�, à p � âåðîÿòíîñòü �óñïåõà�, µn(x) � ÷èñëî
�óñïåõîâ�, òîãäà F ∗

n(x) − ÷àñòîòà �óñïåõà�, à ïî òåîðåìå Áåðíóëëè,

µn(x)
n

P→ p, åñëè n →∞,

ïîýòîìó íàøà òåîðåìà äîêàçàíà.
Ïðè çàäàíèè ðåàëèçàöèè x = (x1, x2, ..., xn) âûáîðêè

X = (X1, X2, ..., Xn) ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ F ∗
n(x)

ñòàíîâèòñÿ îáû÷íîé ôóíêöèåé. Äëÿ ïîñòðîåíèÿ ýòîé ôóíêöèè ýëå-
ìåíòû ðåàëèçàöèè x = (x1, x2, ..., xn) ðàñïîëîæèì â ïîðÿäêå âîçðàñ-
òàíèÿ: x(1) ≤ x(2) ≤ · · · ≤ x(n). Ýòà ïîñëåäîâàòåëüíîñòü íàçûâàåòñÿ
âàðèàöèîííûì ðÿäîì. Åñëè ÷ëåíû âàðèàöèîííîãî ðÿäà ðàçëè÷íû, òî
ðåàëèçàöèÿ F ∗

n(x) èìååò âèä:

F ∗
n(x) =





0, x ≤ x(1)
1
n , x(1) < x ≤ x(2)

2
n , x(2) < x ≤ x(3)

· · ·
n−1

n , x(n−1) < x ≤ x(n)

1, x(n) < x.

Åñëè íåêîòîðûå ÷ëåíû âàðèàöèîííîãî ðÿäà ñîâïàäàþò, òî ðàçëè÷íûå
çíà÷åíèÿ ýòèõ ÷ëåíîâ îáîçíà÷èì x̃1 = x(1), x̃2,...,x̃m = x(n), è ïóñòü
ýòè çíà÷åíèÿ â âàðèàöèîííîì ðÿäó ïîâòîðÿþòñÿ k1, k2,...,km ðàç ñî-
îòâåòñòâåííî (k1 + k2 + · · ·+ km = n), òîãäà ðåàëèçàöèÿ F ∗

n(x) èìååò
âèä:

F ∗
n(x) =





0, x ≤ x̃1
k1
n , x̃1 < x ≤ x̃2

k1+k2
n , x̃2 ≤ x < x̃3

· · ·
n−km

n , x̃(m−1) ≤ x < x̃(m)

1, x̃(m) ≤ x.

Ïðèìåð. Îïûò Áþôôîíà. Áþôôîí n = 4040 ðàç áðîñàë ìîíåòó,
ïðè ýòîì �ãåðá� âûïàë m = 2048 ðàç. Â ðåàëèçàöèè
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x = (x1, x2, ..., x4040) = (1, ..., 0, ..., 1, ..., 0, ....1) ÷èñëî åäèíèö áóäåò
ðàâíî m = 2048, ïîýòîìó

F ∗
4040(x) =





0, x < 0
1992
4040 , 0 ≤ x < 1
1, 1 ≤ x.

Ãèñòîãðàììà. Ñåãìåíò [x(1), x(n)] äåëÿò íà íåêîòîðîå ÷èñëî ðàâ-
íûõ ÷àñòåé òî÷êàìè z0 = x(1) < z1 < · · · < zr = x(n). Âû÷èñëÿþò
p∗k = F ∗

n(zk+1) − F ∗
n(zk) = mk

n , mk − ÷èñëî çíà÷åíèé ñëó÷àéíîé âå-
ëè÷èíû ξ, ïîïàâøèõ â k − ûé èíòåðâàë. Ïîëàãàåì hk =

p∗k
x(n)−x(1)

r

.

Ïîëó÷àåì ñòóïåí÷àòóþ ôóíêöèþ, èìåþùóþ ãðàôèê:

-

6

¾

¾
¾

¾
z1z0 z2 zr−1 zr

f∗

x
h1

h2

hr· · ·

Îíà íàçûâàåòñÿ ãèñòîãðàììîé ðåàëèçàöèè.

3.2 Òî÷å÷íûå îöåíêè ïàðàìåòðîâ
Â òåîðèè âåðîÿòíîñòåé íàèáîëåå ÷àñòî âñòðå÷àþùèåñÿ çàêîíû ðàñ-
ïðåäåëåíèÿ ñîäåðæàò ïàðàìåòðû. Íàïðèìåð, ðàñïðåäåëåíèå Ïóàññî-
íà P (ξ = k) = λk

k! e
−λ, k = 0, 1, ..., λ > 0 ñîäåðæèò ïàðàìåòð λ, íîð-

ìàëüíîå ðàñïðåäåëåíèå N(a, σ2) ñ ïëîòíîñòüþ âåðîÿòíîñòè p(x) =
1√

2πσ2
exp(− (x−a)2

2σ2 ) � ïàðàìåòðû a, σ2. Åñëè â íåêîòîðîé ñòàòèñòè÷å-
ñêîé çàäà÷å âåðîÿòíîñòíàÿ ìîäåëü îïèñûâàåòñÿ íåêîòîðûì ðàñïðå-
äåëåíèåì ñ íåèçâåñòíûì ïàðàìåòðîì, òî âîçíèêàåò ïðîáëåìà îïðå-
äåëåíèÿ ýòîãî ïàðàìåòðà.

Ýìïèðè÷åñêàÿ ôîðìóëà θ∗n = θ∗n(X1, ..., Xn) äëÿ âû÷èñëåíèÿ êà-
êîãî - ëèáî ïàðàìåòðà θ, âîçíèêàþùåãî ïðè îïèñàíèè ñëó÷àéíîé âå-
ëè÷èíû ξ, íàçûâàåòñÿ îöåíêîé ïàðàìåòðà θ.
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Òðåáîâàíèÿ íà îöåíêó:
1) Íåñìåùåííîñòü. Åñëè Mθ∗n(X1, ..., Xn) = θ, òî îöåíêà íàçûâà-

åòñÿ íåñìåùåííîé. Òðåáîâàíèå íåñìåùåííîñòè îöåíêè îçíà÷àåò, ÷òî
ïî êðàéíåé ìåðå �â ñðåäíåì� èñïîëüçóåìàÿ îöåíêà ïðèâîäèò ê æåëà-
åìîìó ðåçóëüòàòó.

2) Åñëè θ∗n
P−→

n→∞ θ, òî îöåíêà íàçûâàåòñÿ ñîñòîÿòåëüíîé. Åñëè îöåí-
êà ñîñòîÿòåëüíà, òî ïðè áîëüøèõ îáúåìàõ n âûáîðêè ðàñïðåäåëå-
íèå çíà÷åíèé ïàðàìåòðà äîëæíî êîíöåíòðèðîâàòüñÿ îêîëî èñòèííîãî
çíà÷åíèÿ ïàðàìåòðà.

3) Ñðåäè âñåõ îöåíîê íóæíî âûáèðàòü òó, äëÿ êîòîðîé äèñïåðñèÿ
íàèìåíüøàÿ.

Èíîãäà ïîñòðîåííûå îöåíêè îáëàäàþò ñâîéñòâîì àñèìïòîòè÷å-
ñêîé íîðìàëüíîñòè. Åñëè ôóíêöèè ðàñïðåäåëåíèÿ ïîñëåäîâàòåëüíî-
ñòè ñëó÷àéíûõ âåëè÷èí (ηn − An)/Bn ñõîäÿòñÿ ïðè n → ∞ ê ôóíê-
öèè 1√

2π

x∫
−∞

exp(−u2

2 )du, òî ãîâîðÿò, ÷òî ñëó÷àéíàÿ âåëè÷èíà ηn ïðè

n →∞ àñèìïòîòè÷åñêè íîðìàëüíà ñ ïàðàìåòðàìè (An, B2
n).

Ìåòîä íàèáîëüøåãî ïðàâäîïîäîáèÿ äëÿ íàõîæäåíèÿ îöå-
íîê ïàðàìåòðîâ. Åñëè ïëîòíîñòü âåðîÿòíîñòè íåïðåðûâíîé ñëó÷àé-
íîé âåëè÷èíû ξ ñîäåðæèò ïàðàìåòð θ, ò.å. îíà èìååò âèä p(x, θ), òî
äëÿ âûáîðêè X = (X1, X2, ..., Xn) ââîäÿò òàê íàçûâàåìóþ ôóíêöèþ
ïðàâäîïîäîáèÿ L :

L = L(X1, X2, ..., Xn, θ) = p(X1, θ)p(X2, θ) · · · p(Xn, θ).

Åñëè ξ � äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà è px(θ) = P (ξ = x), òî L
îïðåäåëÿåòñÿ êàê

L = pX1(θ)pX2(θ) · · · pXn(θ).

Â êà÷åñòâå îöåíêè θ∗ ïàðàìåòðà θ áåðåòñÿ òî åãî çíà÷åíèå, íà êî-
òîðîì äîñòèãàåòñÿ ìàêñèìàëüíîå çíà÷åíèå ôóíêöèè ïðàâäîïîäîáèÿ
L(X1, X2, ..., Xn, θ). Òàêèì îáðàçîì, îöåíêà θ∗ äîëæíà óäîâëåòâîðÿòü
óðàâíåíèþ

∂L

∂θ
= 0 èëè ∂ ln L

∂θ
= 0.
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Îêàçûâàåòñÿ, ïðè äîñòàòî÷íî îáùèõ óñëîâèÿõ íà ñëó÷àéíóþ âåëè-
÷èíó ξ óðàâíåíèå ∂ ln L

∂θ = 0 èìååò ðåøåíèå θ∗, êîòîðîå ïðåäñòàâëÿåò
ñîñòîÿòåëüíóþ, àñèìïòîòè÷åñêè íîðìàëüíóþ îöåíêó ïàðàìåòðà θ.

Ïðèìåð. Èñïîëüçóÿ ìåòîä íàèáîëüøåãî ïðàâäîïîäîáèÿ, íàéòè
ïî âûáîðêå X1, ..., Xn , ãäå (Xk = m) = λm

m! e
−λ, m = 0, 1, . . ., îöåíêó

λ∗ ïàðàìåòðà λ. Áóäåò ëè ýòà îöåíêà íåñìåùåííîé è ñîñòîÿòåëüíîé?
Íàéòè Mλ∗, Dλ∗.

L =
λX1

X1!
e−λ λX2

X2!
e−λ · · · λ

Xn

Xn!
e−λ =

λ

nP
i=1

Xi

n∏
k=1

Xk!
e−nλ,

ln L = −nλ +
n∑

i=1

Xi lnλ−
n∑

i=1

ln(Xi!),
∂ ln L

∂λ
= −n +

1
λ

n∑

i=1

Xi = 0,

λ∗ =

n∑
i=1

Xi

n
.

Mλ∗ =

nP
i=1

MXi

n = λ, λ∗ � íåñìåùåííàÿ îöåíêà. Dλ∗ = 1
n2 nDξ = λ

n .

P (|λ∗ − λ| ≥ ε) ≤ Dλ∗
ε2

→ 0 ïðè n → ∞, ïîýòîìó λ∗ � ñîñòîÿòåëüíàÿ
îöåíêà.

Ïðèìåð.Îïûò Áþôôîíà.L = px1q1−x1 · · · pxnq1−xn =
n∑

k=1

pxkq1−xk .

lnL =
∑

xk ln p+(n−∑
xk) ln(1−p).

P
xk

p − n−Pxk

1−p = 0,
∑

xk−np = 0.

p∗ =
P

xk

n → 2048
4040 .

3.3 Âûáîðî÷íûå ìîìåíòû
Ó ñëó÷àéíîé âåëè÷èíû ξ ìîæíî îïðåäåëèòü òàê íàçûâàåìûå òåîðåòè-
÷åñêèå ìîìåíòû: αν = Mξν − ìîìåíòû ïîðÿäêà ν, µν = M(ξ−Mξ)ν

− öåíòðàëüíûå ìîìåíòû ïîðÿäêà ν. Â ÷àñòíîñòè α1 = Mξ − ìàòå-
ìàòè÷åñêîå îæèäàíèå, µ1 = 0, µ2 = Dξ. Òåîðåòè÷åñêèì ìîìåíòàì
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ñîïîñòàâëÿþòñÿ âûáîðî÷íûå ìîìåíòû aν , mν . aν =

nP
k=1

Xν
k

n íàçûâàåò-

ñÿ âûáîðî÷íûì ìîìåíòîì ïîðÿäêà ν, â ÷àñòíîñòè a1 =

nP
k=1

X1
k

n = X̄

íàçûâàåòñÿ âûáîðî÷íûì ñðåäíèì, mν =

nP
k=1

(Xk−X̄)ν

n � öåíòðàëüíûé
âûáîðî÷íûé ìîìåíò ïîðÿäêà ν. Âûáîðî÷íûå ìîìåíòû ÿâëÿþòñÿ òî-
÷å÷íûìè îöåíêàìè ñîîòâåòñòâóþùèõ òåîðåòè÷åñêèõ ìîìåíòîâ.

Íåñìåùåííîñòü îöåíîê òåîðåòè÷åñêèõ ìîìåíòîâ îïðåäåëÿåòñÿ
ñ ïîìîùüþ âûáîðî÷íûõ ìîìåíòîâ:

Maν = M

n∑
k=1

Xν
k

n
=

1
n

n∑

k=1

MXν
k =

1
n

n∑

k=1

αk = αν .

Ñîñòîÿòåëüíîñòü îöåíîê òåîðåòè÷åñêèõ ìîìåíòîâ â âèäå âû-
áîðî÷íûõ ìîìåíòîâ:

Daν = D

n∑
k=1

Xν
k

n
=

1
n2

n∑

k=1

DXν
k =

1
n2

n∑

k=1

Dξν =
1
n

(Mξ2ν − (Mξ)2) =

=
α2ν − α2

ν

n
.

Îòêóäà

P (|aν − αν | ≥ ε) ≤ M(aν − αν)2

ε2
=

Daν

ε2
=

α2ν − α2
ν

nε2
→ 0

ïðè n →∞. Ïîýòîìó aν
P−→

n→∞αν .

Âûáîðî÷íûå ìîìåíòû îáëàäàþò åù¼ îäíèì ñâîéñòâîì: îíè àñèìï-
òîòè÷åñêè íîðìàëüíû ñ ïàðàìåòðàìè (αν ,

α2ν−α2
ν

n ). Äëÿ äîêàçàòåë-
ñòâà ýòîãî ñâîéñòâà ðàññìîòðèì

ην =
aν − αν√

Daν
=

n∑
k=1

Xν
k − nαν

µν
√

n
,
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îòêóäà âèäíî, ÷òî ην îáëàäàåò ñòðóêòóðîé ñëó÷àéíîé âåëè÷èíû â
àðãóìåíòå öåíòðàëüíîé ïðåäåëüíîé òåîðåìû, ïîýòîìó îíà â ïðåäåëå
n → ∞ àñèìïòîòè÷åñêè ñòàíäàðòíî íîðìàëüíà, çíà÷èò aν àñèìïòî-
òè÷åñêè íîðìàëåí.

Ïðèìåð. Îïûò Áþôôîíà. Äëÿ ñëó÷àéíîé âåëè÷èíû ξ, ïðåä-
ñòàâëÿþùåé ñëó÷àéíîå ÷èñëî óñïåõîâ ïðè îäíîêðàòíîì ïðîèçâîäñòâå
îïûòà, èìååì Mξ = 0 · q + 1 · p = p = α1, a1 = X̄ =

P
Xk

n → 2048
4040 .

Ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèÿ öåíòðàëüíîãî ìî-

ìåíòà 2-ãî ïîðÿäêà Ïî îïðåäåëåíèþ m2 =

nP
k=1

(Xk−X̄)2

n . Âû÷èñëèì
Mm2. Ïîëîæèì Yk = Xk − MXk = Xk − Mξ, î÷åâèäíî MYk =
MXk −MMXk = MXk −MXk = 0, DYk = DXk = Dξ = µ2. Îïðå-

äåëèì Ȳ =

nP
k=1

Yk

n . Òàê êàê Xk − X̄ = Yk + Mξ −
nP

k=1
(Yk+Mξ)

n = Yk − Ȳ ,
òî

m2 =

n∑
k=1

(Yk − Ȳ )2

n
=

1
n

n∑

k=1

(Y 2
k −2Ȳ Yk + Ȳ 2) =

1
n

n∑

k=1

Y 2
k −2Ȳ 2 + Ȳ 2 =

=
1
n

n∑

k=1

Y 2
k − Ȳ 2.

Âû÷èñëèì MȲ 2:

MȲ 2 = M

(
n∑

k=1

Yk

n

)2

=
1
n2

n∑

k,l=1

M(YkYl) =
1
n2

n∑

k=1

M(YkYk) =
µ2

n
,

òàê êàê Yk è Yl íåçàâèñèìû, ïîýòîìó M(YkYl) = MYkMYl = 0, åñëè
k 6= l. Òåïåðü ìîæíî ïåðåéòè ê âû÷èñëåíèþ Mm2.

Mm2 =
1
n

n∑

k=1

MY 2
k −

µ2

n
= µ2(1− 1

n
).

Íåñêîëüêî áîëåå ãðîìîçäêèå âû÷èñëåíèÿ ïðèâîäÿò ê ñëåäóþùåìó
çíà÷åíèþ Dm2:

Dm2 =
µ4 − µ2

2

n
− 2

µ4 − 2µ2
2

n2
+

µ4 − 3µ2
2

n3
.
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Çàìå÷àåì, ÷òî Mm2 6= µ2, ïîýòîìó m2 − ñìåùåííàÿ îöåíêà äëÿ µ2.
Íî åñëè îïðåäåëèòü s2 = nm2

n−1 , òî s2 = µ2. s2 íàçûâàåòñÿ ïðèâåäåííîé
äèñïåðñèåé. Mm2 = µ2(1− 1

n) ìîæíî çàïèñàòü êàê (m2−µ2) = (1/n),
àíàëîãè÷íûì îáðàçîì ìîæíî äîêàçàòü, ÷òî (m2 − µ2)2 = (1/n), ïî-
ýòîìó (|m2 − µ2| > ε) ≤ M(m2 − µ2)2/ε2 → 0 ïðè n →∞, ýòî çíà÷èò
m2

P−→
n→∞µ2, òî åñòü m2 ÿâëÿåòñÿ ñîñòîÿòåëüíîé îöåíêîé äëÿ µ2. Àíà-

ëîãè÷íî ïîêàçûâàåòñÿ, ÷òî è s2 P−→
n→∞µ2.

Ïðèìåð. Îïûò Áþôôîíà.

m2 =
1
n

n∑

k=1

X2
k − X̄2 =

2048
4040

− 20482

40402
=

2048 · 1992
40402

, s2 =
2028 · 1992
4040 · 4039

.

3.3.1 8-îå ïðàêòè÷åñêîå çàíÿòèå. Âûáîðî÷íûå ìîìåíòû
Çàäà÷à 9.2. Èñïîëüçóÿ òàáëèöó íîðìàëüíûõ ñëó÷àéíûõ ÷èñåë, ïî-
ëó÷èòü ðåàëèçàöèþ âûáîðêè X1, X2, ..., Xn, ãäå Xk íîðìàëüíî ðàñ-
ïðåäåëåíû ñ MXk = 0.5; DXk = 1; n = 22. Íàéòè âàðèàöèîííûé
ðÿä x(1) ≤ x(2) ≤ · · · ≤ x(n); ýìïèðè÷åñêóþ ôóíêöèþ ðàñïðåäåëåíèÿ;
x̄ = (x1 + x2 + · · · + xn)/n (ñðàâíèòü c MXk); s2 = 1

n−1

n∑
k=1

(xk − x̄)2

(ñðàâíèòü ñ DXk).
Ðåøåíèå. n = 22. ×èñëà èç òàáëèöû íîðìàëüíûõ ÷èñåë (÷èñëà

â ñêîáêàõ îçíà÷àþò ïîðÿäêîâûé íîìåð ÷èñåë, åñëè èõ çàïèñàòü â
ïîðÿäêå âîçðàñòàíèÿ):

0.464(15) 0.137(12) 2.455(22) -0.323( 7) -0.068(10)
0.296(14) -0.288( 8) 1.298(19) 0.060(11) -2.256( 1)
-0.531 ( 5) -0.194( 9) 0.543(16) -1.558( 2) 0.187(13)
-1.190( 3) 1.486( 21) -0.354( 6) -0.634( 4) 0.697(17)
0.926(18) 1.375(20)

Äëÿ ïîëó÷åíèÿ âûáîðêè, òðåáóåìîé óñëîâèåì çàäà÷è, ê íàïèñàí-
íûì ÷èñëàì íóæíî ïðèáàâèòü 0.5. Ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðå-
äåëåíèÿ � ñòóïåí÷àòàÿ ôóíêöèÿ. Â òî÷êàõ, îïèñûâàåìûõ ÷ëåíàìè
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âàðèàöèîííîãî ðÿäà, îíà òåðïèò ñêà÷îê, ðàâíûé 1/22.

x̄ =
∑

xi

n
= 0.6149, s2 = 1.1186.

Çàäà÷à 9.3. Ïóñòü (x1, y1),...,(xn, yn) � íåçàâèñèìûå îäèíàêîâî
ðàñïðåäåëåííûå äâóìåðíûå âåëè÷èíû. Ïîëîæèì m11 = 1

n

n∑
k=1

(xk −
x̄)(yk− ȳ), ãäå x̄ = (x1 + ...+xn)/n, ȳ = (y1 + · · ·+yn)/n. Íàéòè Mm11

è ïîêàçàòü, ÷òî Dm11 = O( 1
n) ïðè n →∞.

Ðåøåíèå. Ïîëîæèì Mxk = a, Myk = b, Xk = xk−a, Yk = yk− b.
Òîãäà xk = Xk + a, yk = Yk + b, x̄ = X̄ + a, ȳ = Ȳ + b. Íàõîäèì

m11 =
1
n

n∑

k=1

(Xk − X̄)(Yk − Ȳ ) =
1
n

n∑

k=1

XkYk − X̄Ȳ .

Òàê êàê M(XkYk) = cov(x1, y1), MXk = MYk = 0, òî

M(X̄Ȳ ) =
1
n2

∑

k,l

M(XkYl) =
1
n2

∑

k 6=l

MXkMYk +
1
n2

∑

k=l

M(XkYl) =

=
1
n2

n∑

k=1

M(XkYk) =
1
n

cov(x1, y1).

Mm11 =
1
n

∑
cov(x1, y1)− 1

n
cov(x1, y1) = (1− 1

n
)cov(x1, y1).

m11 = (
1
n
− 1

n2
)
∑

k=l

XkYk − 1
n2

∑

k,l

k 6=l

XkYl.

Dm11 = cov(m11,m11) =

= cov




n− 1
n2

∑

k=l

XkYk − 1
n2

∑

k,l

k 6=l

XkYl ,
n− 1
n2

∑

s=l

XsYs − 1
n2

∑
s,t

s 6=t

XsYt



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=
(n− 1)2

n4

∑

k,s

cov(XkYk, XsYs)− 2
n− 1
n4

∑

k,s,t

s 6=t

cov(XkYk, XsYt)+

+
1
n4

∑

k,l,k 6=l

s,t,s6=t

cov(XkYl, XsYt) =
(n− 1)2

n4
n cov(X1Y1, X1Y1)−

−2
n− 1
n4

∑
s,t

s6=t

(cov(XsYs, XsYt) + cov(XtYt, XsYt))+

+
1
n4

∑

k,l,k 6=l

s,t,s6=t

M(XkYlXsYt) =
(n− 1)2

n3
(µ2,2 − µ2

1,1) +
1
n4

∑

k,l

k 6=l

M(X2
kY 2

l ) =

=
(n− 1)2

n3
(µ2,2 − µ2

1,1) +
n− 11

n3
µ0,2µ2,0,

ãäå µk,l = M(Xk
1 Y l

1 ).
Çàäà÷à 15.7. Ïîñòðîèòü ãðàôèê ýìïèðè÷åñêîé ôóíêöèè ðàñïðå-

äåëåíèÿ, ãèñòîãðàììó è ïîëèãîí ÷àñòîò äëÿ âûáîðêè, ïðåäñòàâëåí-
íîé ñòàòèñòè÷åñêèì ðÿäîì:

zi 15 16 17 18 19
ni 1 4 5 4 2 .

Ðåøåíèå. Ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ:

F ∗
n(x) =

1
n

∑
zi<x

ni =
1
16

∑
zi<x

ni =





0, x ≤ 15
1
16 , 15 < x ≤ 16
5
16 , 16 < x ≤ 17
10
16 , 17 < x ≤ 18
14
16 , 18 < x ≤ 19
1, 19 < x

.

Ãèñòîãðàììà:

p∗n(x) =





1
16 , 14.5 < x ≤ 15.5
4
16 , 15.5 < x ≤ 16.5
5
16 , 16.5 < x ≤ 17.5
4
16 , 17.5 < x ≤ 18.5
2
16 , 18.5 < x ≤ 19.5

.
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Çàäà÷à 15.13. Ìåòîäîì ìîäåëèðîâàíèÿ ïîëó÷èòü ðåàëèçàöèè âûáî-
ðîê îáúåìà n = 10 äëÿ ñëó÷àéíîé âåëè÷èíû ñ ïîêàçàòåëüíûì çàêî-
íîì ðàñïðåäåëåíèÿ Ex(λ) ñ λ1 = 1, λ2 = 2, λ3 = 3.

Ðåøåíèå. Ôóíêöèÿ ðàñïðåäåëåíèÿ äëÿ ïîêàçàòåëüíîãî ðàñïðå-
äåëåíèÿ ñ ïàðàìåòðîì λ èìååò âèä: F (x) = 1 − e−λx. Çíà÷åíèÿ y
ñëó÷àéíîé âåëè÷èíû Y, ïîä÷èíåííîé ïîêàçàòåëüíîìó ðàñïðåäåëåíèþ
ñ ïàðàìåòðîì λ, èç çíà÷åíèé x ñëó÷àéíîé âåëè÷èíû X, ïîä÷èíåí-
íîé ðàâíîìåðíîìó ðàñïðåäåëåíèþ íà [0,1], ïîëó÷àþòñÿ ïî ôîðìóëå
y = − ln(1−x)/λ. Â íèæåïðèâåäåííûõ òàáëèöàõ â ïåðâîé ñòðîêå óêà-
çàíû çíà÷åíèÿ x, âî âòîðîé � y.

0.100|0.376|0.863|0.876|0.480|0.742|0.524|0.226|0.645|0.320
λ = 1 0.105|0.472|1.990|2.090|0.654|1.350|0.742|0.256|1.040|0.386

0.973|0.520|0.467|0.375|0.564|0.962|0.037|0.895|0.093|0.902
λ = 2 1.810|0.367|0.315|0.235|0.415|1.640|0.019|1.130|0.048|1.160

0.253|0.135|0.354|0.420|0.894|0.480|0.084|0.319|0.320|0.560
λ = 3 0.097|0.048|0.146|0.182|0.748|0.218|0.029|0.128|0.129|0.274
Çàäà÷à 15.14. Àâòîìîáèëè ïîäúåçæàþò ê àâòîçàïðàâî÷íîé ñòàí-

öèè ïîñëåäîâàòåëüíî, ïðè÷åì âðåìÿ ìåæäó ïðèáûòèåì äâóõ àâòîìî-
áèëåé èìååò ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ1 = 1. Åñ-
ëè î÷åðåäè íåò, àâòîìîáèëü çàïðàâëÿåòñÿ ñðàçó, â ïðîòèâíîì ñëó÷àå
îí ñòàíîâèòñÿ â î÷åðåäü. Âðåìÿ çàïðàâêè àâòîìîáèëÿ èìååò ïîêà-
çàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ2 = 2. Èñïîëüçóÿ âûáîðêè,
ïîëó÷åííûå â çàäà÷å 15.13, ñîñòàâèòü òàáëèöó, ñîäåðæàùóþ âðåìÿ
ïîäúåçäà äëÿ êàæäîãî èç ïÿòè ïîñëåäîâàòåëüíî ïðèáûâàþùèõ àâòî-
ìîáèëåé, âðåìÿ íà÷àëà è êîíöà çàïðàâêè, ïðîäîëæèòåëüíîñòü îæè-
äàíèÿ â î÷åðåäè, îáùåå âðåìÿ íà îæèäàíèå è îáñëóæèâàíèå.

Ðåøåíèå.
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Âðåìÿ íà÷àëî êîíåö ïðîäîëæèò. îáùåå
ïîäúåçäà çàïðàâêè çàïðàâêè îæèä. â î÷åð. âðåìÿ

0.0 0.0 1.810 0.0 1.81
.105 1.810 2.177 1.705 2.072
.577 2.177 2.492 1.600 1.915

2.567 2.567 2.802 0.0 0.235
4.657 4.657 5.072 0.0 0.415

Çàäà÷è äîìàøíåãî çàäàíèÿ.

Çàäà÷à 9.1. Ïî âûáîðêå x1, ..., xn, ïîëó÷åííîé â çàäà÷å 5.24, íàé-
òè: à) âàðèàöèîííûé ðÿä x(1) ≤ x(2) ≤ ... ≤ x(n);

á) ýìïèðè÷åñêóþ ôóíêöèþ ðàñïðåäåëåíèÿ (ïîñòðîèòü åå ãðàôèê
è ãðàôèê òåîðåòè÷åñêîé ôóíêöèè ðàñïðåäåëåíèÿ); â) x̄ = (x1 + ... +

xn)/n (ñðàâíèòü ñ Mxk); ã) s2 = 1
n−1

n∑
k=1

(xk − x̄)2 (ñðàâíèòü ñ Dxk).

Çàäà÷à 9.4. Ïîêàçàòü, ÷òî âåëè÷èíà m11, îïðåäåëåííàÿ â çàäà÷å
9.3, ïðè n →∞ àñèìïòîòè÷åñêè íîðìàëüíà.

Çàäà÷à 15.8. Âûïîëíèòü ïðîãðàììó çàäà÷è 15.7 ïî îòíîøåíèþ
ê âûáîðêå

zi 2 3 4 5 6 7 8
ni 1 3 4 6 5 2 1 .

Çàäà÷à 15.15. Ïóñòü ti � âðåìÿ íàðàáîòêè íà îòêàç i-ãî ýëåìåí-
òà ñõåìû. Èçâåñòíî, ÷òî ti ðàñïðåäåëåíî ïî çàêîíó Ex(λi), i = 1, 2, 3.
Èñïîëüçóÿ âûáîðêè, ïîëó÷åííûå â çàäà÷å 15.13, ïîñòðîèòü ýìïèðè-
÷åñêóþ ôóíêöèþ ðàñïðåäåëåíèÿ âðåìåíè âûðàáîòêè íà îòêàç äëÿ
ñõåìû.

3.4 Òî÷íûå âûáîðî÷íûå ðàñïðåäåëåíèÿ
Ðàñïðåäåëåíèå õè-êâàäðàò. Ïóñòü ξ0, ξ1, ..., ξn íåçàâèñèìû, ðàñ-
ïðåäåëåíû íîðìàëüíî-ñòàíäàðòíî ñ ïàðàìåòðàìè (0, 1). Ñòðîèì íî-
âóþ ñëó÷àéíóþ âåëè÷èíó χ2

n = ξ2
1 + ξ2

2 + · · ·+ ξ2
n è èùåì å¼ ôóíêöèþ

ðàñïðåäåëåíèÿ:

Fχ2
n
(x) = P (χ2

n < x) = P (ξ2
1 + ξ2

2 + · · ·+ ξ2
n < x) =
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=
∫
· · ·

∫

x2
1+x2

2+···+x2
n<x

1
(
√

2π)n
e−

x2
1+x2

2+···+x2
n

2 dx1 · · · dxn.

Â n-ìåðíîì ïðîñòðàíñòâå ïåðåìåííûõ x1, x2, ..., xn ïåðåéäåì ê îáîá-
ùåííûì ñôåðè÷åñêèì êîîðäèíàòàì r, ϕ, θ, θ1, ..., θn−3:

x1 = r cosϕ sin θ sin θ1 sin θ2 · · · sin θn−3,
x2 = r sinϕ sin θ sin θ1 sin θ2 · · · sin θn−3,
x3 = r cos θ sin θ1 sin θ2 · · · sin θn−3,
x4 = r cos θ1 sin θ2 · · · sin θn−3,
· · · · · · · · · ·
xn = r cos θn−3 sin θn−3.

Êàê èçâåñòíî, äëÿ ñôåðè÷åñêèõ êîîðäèíàò â òðåõìåðíîì ïðîñòðàí-
ñòâå ÿêîáèàí ïåðåõîäà ðàâåí J = r2 sin θ, â îáùåì ñëó÷àå ìîæíî ïî-
êàçàòü, ÷òî J = rn−1f(θ, θ1, ..., θn−3), ãäå f åñòü íåêîòîðàÿ ôóíêöèÿ
ñâîèõ àðãóìåíòîâ. Ïîýòîìó

Fχ2
n
(x) =

1
(
√

2π)n

∫
· · ·

∫
f(θ, ....θn−3)dϕdθdθ1 · · · dθn−3

√
x∫

0

rn−1e−
r2

2 dr

= C

√
x∫

0

rn−1e−
r2

2 dr.

Î÷åâèäíî, ÷òî Fχ2
n
(∞) =

= 1 = C

∞∫

0

rn−1e−
r2

2 dr = 2n/2−1C

∞∫

0

tn/2−1e−tdt = 2n/2−1CΓ(n/2).

Ïðè âû÷èñëåíèè èíòåãðàëà áûëà ñäåëàíà çàìåíà: r2/2 = t. Γ −
ãàììà-ôóíêöèÿ Ýéëåðà. Ïîýòîìó C−1 = 2n/2−1Γ(n/2). Ñëó÷àéíàÿ
âåëè÷èíà ñ òàêîé ôóíêöèåé ðàñïðåäåëåíèÿ íàçûâàåòñÿ ñëó÷àéíîé âå-
ëè÷èíîé, ïîä÷èíÿþùåéñÿ ðàñïðåäåëåíèþ õè-êâàäðàò ñ n ñòåïåíÿìè
ñâîáîäû. Çíà÷åíèÿ ôóíêöèè ðàñïðåäåëåíèÿ ýòîé ñëó÷àéíîé âåëè÷è-
íû òàáóëèðîâàíû.
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Ðàñïðåäåëåíèå Ñòüþäåíòà ñ n ñòåïåíÿìè ñâîáîäû. Òàê íà-
çûâàåòñÿ ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû τn = ξ0√

χ2
n/n

. Ôóíêöèÿ
ðàñïðåäåëåíèÿ âû÷èñëÿåòñÿ àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ. Å¼
çíà÷åíèÿ òàêæå òàáóëèðîâàíû.

3.5 Òåîðåìû î ðàñïðåäåëåíèÿõ, ñâÿçàííûõ ñ
âûáîðî÷íûìè ìîìåíòàìè äëÿ íîðìàëüíîãî ðàñïðå-
äåëåíèÿ

Òåîðåìà 1. Åñëè ýëåìåíòû âûáîðêè X = (X1, ..., Xn) ðàñïðåäåëåíû
íîðìàëüíî ñ ïàðàìåòðàìè (a, σ2) è íåçàâèñèìû, òî íåçàâèñèìû X̄

è m2, ïðè÷åì X̄ ðàñïðåäåëåíî íîðìàëüíî ñ ïàðàìåòðàìè (a, σ2

n ), à
nm2
σ2 ïîä÷èíåíî ðàñïðåäåëåíèþ χ2 ñ n− 1 ñòåïåíÿìè ñâîáîäû.
Äîêàçàòåëüñòâî. Ââåäåì âåëè÷èíû Yk = Xk−a

σ . Yk ðàñïðåäåëåíû
íîðìàëüíî-ñòàíäàðòíî. Ïóñòü

Z =
(
Z1, ..., Zn

)
= Y C =

(
Y1, ..., Yn

)



1/
√

n · · ·
· · · ·
1/
√

n · · ·


 ,

ãäå C � îðòîãîíàëüíàÿ ìàòðèöà (CT C = 1), ó êîòîðîé ýëåìåíòû
ïåðâîãî ñòîëáöà îäèíàêîâû è ðàâíû 1/

√
n, à îñòàëüíûå ýëåìåíòû

ïðîèçâîëüíû. Èìååì:

Z1 =
Y1 + · · ·+ Yn√

n
=
√

nȲ , Ȳ =
∑n

k=1 Yk

n
,

X̄ =
∑n

k=1 Xk

n
=

∑n
k=1(σYk + a)

n
= σȲ + a = a +

σZ1√
n

,

nm2

σ2
=

n

σ2

∑n
k=1(Xk − X̄)2

n
=

n∑

k=1

(Yk − Ȳ )2 =
n∑

k=1

(Y 2
k − 2YkȲ + Ȳ 2) =

=
n∑

k=1

Y 2
k − nȲ 2 =

n∑

k=1

Z2
k − Z2

1 =
n∑

k=2

Z2
k = χ2

n−1.
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Â õîäå âû÷èñëåíèé ìû âîñïîëüçîâàëèñü òåì, ÷òî ïðè îðòîãîíàëüíîì
ïðåîáðàçîâàíèè Z = Y C èìååò ìåñòî

n∑
k=1

Y 2
k =

n∑
k=1

Z2
k .

Òåîðåìà 2. Âåëè÷èíà X̄−a√
m2

√
n− 1 ïîä÷èíÿåòñÿ ðàñïðåäåëåíèþ

Ñòüþäåíòà ñ (n− 1) ñòåïåíÿìè ñâîáîäû.
Äîêàçàòåëüñòâî.

X̄ − a√
m2

√
n− 1 =

σZ1/
√

n√
σ2χ2

n−1/n
=

Z1√
χ2

n−1/n
= τn−1.

3.5.1 9-îå ïðàêòè÷åñêîå çàíÿòèå. Òî÷å÷íûå îöåíêè
Çàäà÷à 9.7. Ïî âûáîðêå (X1, X2, ..., Xn), ãäå Xk, k = 1, ..., n, íåçà-

âèñèìû, MXk = a, DXk = σ2
k (σk èçâåñòíû), íàéòè íåñìåùåííóþ

ëèíåéíóþ îòíîñèòåëüíî X1, X2, ..., Xn îöåíêó a∗ ïàðàìåòðà a ñ íàè-
ìåíüøåé äèñïåðñèåé.

Ðåøåíèå. Ïóñòü a∗ = α1X1+· · ·+αnXn, òîãäà Ma∗ = a(α1+· · ·+
αn), Da∗ = α2

1σ
2
1 + · · ·+ α2

nσ2
n. Òàê êàê Ma∗ = a, òî α1 + · · ·+ αn = 1.

Çíà÷èò, íóæíî íàéòè ìèíèìóì ôóíêöèè α2
1σ

2
1+· · ·+α2

nσ2
n ïðè óñëîâèè

α1 + · · · + αn = 1. Ïðèìåíÿåì ìåòîä íåîïðåäåëåííûõ ìíîæèòåëåé
Ëàãðàíæà, ïîëó÷àåì:

∂

∂αi
{α2

1σ
2
1 + · · ·+ α2

nσ2
n + λ(α1 + · · ·+ αn − 1)} = 0,

2σ2
i αi + λ = 0, αi = − λ

2σ2
i

.

∑
αi = −λ

2

∑ 1
σ2

i

= 1, λ = − 2
n∑

i=1

1
σ2

i

, a∗ =
n∑

k=1

Xk

σ2
i

/

n∑

i=1

1
σ2

i

.

Çàäà÷à 9.9(à). Ïóñòü x1, ..., xn � íåçàâèñèìûå íîðìàëüíî ðàñ-
ïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû ñ ïàðàìåòðàìè (0, 1). Ïîëîæèì

X̄k = 1
k

k∑
i=1

xi, Sk =
k∑

i=1
(xi − X̄k)2, k = 1, 2, ..., n.

Äîêàçàòü, ÷òî à) âåëè÷èíû X̄k+1 − X̄k è X̄l+1 − X̄l íåçàâèñèìû; á)
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âåëè÷èíà Sn èìååò ðàñïðåäåëåíèå õè-êâàäðàò ñ n− 1 ñòåïåíÿìè ñâî-
áîäû.

Ðåøåíèå. à) Ëèíåéíûå êîìáèíàöèè íåçàâèñèìûõ ñëó÷àéíûõ âå-
ëè÷èí íåçàâèñèìû, åñëè èõ êîâàðèàöèÿ ðàâíà íóëþ. Ïóñòü l < k.

cov(X̄k+1 − X̄k, X̄l+1 − X̄l) = cov(X̄k+1, X̄l+1)− cov(X̄k+1, X̄l)−

−cov(X̄k, X̄l+1) + cov(X̄k, X̄l) =
1

(k + 1)(l + 1)

l+1∑

i=1

DXi +
1
kl

l∑

i=1

DXi−

− 1
(k + 1)l

k∑

i=1

DXi − 1
k(l + 1)

l+1∑

i=1

DXi = 0.

á) Sk+1 =
k+1∑
i=1

(xi−X̄k+1)2 =
k∑

i=1
(xi−X̄k +X̄k−X̄k+1)2+(xk+1−X̄k+1)2

=
k∑

i=1

(
(xi − X̄k) + 2(xi − X̄k)(X̄k − X̄k+1) + (X̄k − X̄k+1)2

)
+

+
(

(k + 1)X̄k+1 − kX̄k − X̄k+1

)2

= Sk + k(k + 1)(X̄k − X̄k+1)2.

D(
√

k(k + 1)(X̄k−X̄k+1)2) = D
kxk+1 − x1 − · · · − xk√

k(k + 1)
=

k2 + k

k(k + 1)
= 1.

Sn =
n−1∑

k=1

k(k + 1)(X̄k − X̄k+1)2.

Çàäà÷à 9.10. Èñïîëüçóÿ ìåòîä íàèáîëüøåãî ïðàâäîïîäîáèÿ, íàé-
òè ïî âûáîðêå X1, ..., Xn, ãäå P (Xk = m) = λm

m! e
−λ, m = 0, 1, ...,

îöåíêó λ∗ ïàðàìåòðà λ. Áóäåò ëè ýòà îöåíêà íåñìåùåííîé è ñîñòîÿ-
òåëüíîé? Íàéòè Mλ∗, Dλ∗.

Ðåøåíèå.

L =
λX1

X1!
e−λ λX2

X2!
e−λ · · · λ

Xn

Xn!
e−λ =

λ

nP
i=1

Xi

n∏
k=1

Xk!
e−nλ,
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ln L = −nλ +
n∑

i=1

Xi lnλ−
n∑

i=1

ln(Xi!),
∂ ln L

∂λ
= −n +

1
λ

n∑

i=1

Xi = 0,

λ∗ =

n∑
i=1

Xi

n
.

Mλ∗ =

nP
i=1

MXi

n = λ, λ∗ � íåñìåùåííàÿ îöåíêà. P (|λ∗ − λ| ≥ ε) ≤
Dλ∗
ε2

→ 0 ïðè n →∞, ïîýòîìó λ∗ � ñîñòîÿòåëüíàÿ îöåíêà.
Çàäà÷à 15.116. B êà÷åñòâå îöåíêè ìàòåìàòè÷åñêîãî îæèäàíèÿ

m = Mξ ïî âûáîðêå (X1, X2, ..., Xn) ïðåäëàãàåòñÿ âçÿòü ñòàòèñòèêó
m∗ = X1. Ïðîâåðèòü íåñìåùåííîñòü è ñîñòîÿòåëüíîñòü ýòîé îöåíêè.

Ðeøåíèå. Íåñìåùåííîñòü: Mm∗ = MX1 = m. Ñîñòîÿòåëüíîñòü:
P (|m∗−m| ≥ ε) = P (|X1−m| ≥ ε) ≤ DX1

ε2
. Îòñþäà íå ñëåäóåò, ÷òî ýòà

âåðîÿòíîñòü ñòðåìèòñÿ ê íóëþ. Ñ äðóãîé ñòîðîíû, çàäàííàÿ ñëó÷àé-
íàÿ âåëè÷èíà X1 íå ìîæåò ñòðåìèòüñÿ ïî âåðîÿòíîñòè ê ïîñòîÿííîé
âåëè÷èíå. Ïîýòîìó m∗ � íåñîñòîÿòåëüíàÿ îöåíêà.

Çàäà÷à 15.118. Ñëó÷àéíàÿ âåëè÷èíà X èìååò ðàñïðåäåëåíèå ñ
ïëîòíîñòüþ p(x), ðàâíîé ea−x ïðè x ≥ a è íóëþ ïðè x < a. Äëÿ
îöåíêè íåèçâåñòíîãî ïàðàìåòðà a ïî âûáîðêå X1, X2, ...., Xn äëÿ ñëó-
÷àéíîé âåëè÷èíû X ïðåäëàãàåòñÿ âûáðàòü ñòàòèñòèêó a∗ = X(1) =
min

1≤i≤n
Xi. Ïðîâåðèòü íåñìåùåííîñòü è ñîñòîÿòåëüíîñòü ýòîé îöåíêè.

Ðåøåíèå. FX(x) =
x∫
a

ea−udu = 1− ea−x, x ≥ a.

FX(1)
= P (X(1) < x) = 1− P (X(1) ≥ x) = 1−

n∏

i=1

P (Xi > x) =

= 1− (1− FX(x))n = 1− en(a−x), x ≥ a.

MX(1) =
∞∫
a

xnen(a−x)dx = a + 1
n 6= a. Îöåíêà ñìåùåííàÿ.

P (|X(1) − a| ≥ ε) ≤ M(X(1) − a)2

ε2
,
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M(X(1) − a)2 =

∞∫

a

(x− a)2nen(a−x)dx =
2
n2

→ 0

ïðè n →∞. Îöåíêà ñîñòîÿòåëüíàÿ.

Çàäà÷è äîìàøíåãî çàäàíèÿ.

Çàäà÷à 9.8. Ïóñòü xin1 , ..., xini , i = 1, ..., I, � íåçàâèñèìûå íîð-
ìàëüíî ðàñïðåäåëåííûå âåëè÷èíû ñ ïàðàìåòðàìè (a, σ2);

x̄i =
1
ni

ni∑

k=1

xik, s2
i =

1
ni − 1

ni∑

k=1

(xik − x̄i)2.

Ïîêàçàòü, ÷òî âåëè÷èíà x̄ =
I∑

i=1
cix̄i, ãäå ci = (1/s2

i )/(1/s2
1 + ...+1/s2

I),

ÿâëÿåòñÿ íåñìåùåííîé îöåíêîé a.
Çàäà÷à 15.117. Ðàññìîòðèì äâå âûáîðêè îáúåìîâ n1 è n2 èç îä-

íîé ãåíåðàëüíîé ñîâîêóïíîñòè ñî ñðåäíèì m è äèñïåðñèåé σ2. Ïóñòü
X̄1, X̄2, S2

1 è S2
2 � íåñìåùåííûå îöåíêè ñðåäíèõ è äèñïåðñèé, îïðå-

äåëåííûå ïî ýòèì âûáîðêàì. Ïîêàçàòü, ÷òî îáúåäèíåííûå îöåíêè,
âû÷èñëÿåìûå ïî ôîðìóëàì

X̄ =
n1X̄1 + n2X̄2

n1 + n2
, S2 =

(n1 − 1)S2
1 + (n2 − 1)S2

2

n1 + n2 − 2
,

áóäóò íåñìåùåííûìè è ñîñòîÿòåëüíûìè îöåíêàìè m è σ2.
Çàäà÷à 15.119. Ïóñòü x1, x2, ..., xn � âûáîðêà èç ãåíåðàëüíîé ñî-

âîêóïíîñòè, èìåþùåé ðàâíîìåðíîå ðàñïðåäåëåíèå R(0, 1). Ïîêàçàòü,
÷òî ñòàòèñòèêà

m̃ =
1
2
(x(1) + x(n)),

ãäå x(1) è x(n) � ñîîòâåòñòâåííî íàèìåíüøèé è íàèáîëüøèé ýëåìåíòû
âûáîðêè, ÿâëÿåòñÿ íåñìåùåííîé è ñîñòîÿòåëüíîé îöåíêîé ìàòåìàòè-
÷åñêîãî îæèäàíèÿ m.
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3.6 Èíòåðâàëüíûå îöåíêè
Ïóñòü äàíà âûáîðêà X = (X1, ..., Xn) ñ P (Xi < x) = F (x,Θ), ãäå
Θ � íåèçâåñòíûé ïàðàìåòð. Ïóñòü óäàåòñÿ íàéòè òàêèå ôóíêöèè
Θ(X1, ..., Xn), Θ(X1, ..., Xn), ÷òî äëÿ âñåõ X = (X1, ..., Xn) Θ(X) <
Θ(X) è P (Θ(X) < Θ < Θ(X)) = 1− 2α, òîãäà (Θ(X),Θ(X)) � äîâå-
ðèòåëüíûé èíòåðâàë äëÿ Θ, 1−2α � äîâåðèòåëüíàÿ âåðîÿòíîñòü, 2α
� óðîâåíü çíà÷èìîñòè.

Ïðèìåð. Äîâåðèòåëüíûå èíòåðâàëû äëÿ ïàðàìåòðîâ íîðìàëü-
íîãî ðàñïðåäåëåíèÿ. Ïóñòü X = (X1, ..., Xn) � âûáîðêà, ýëåìåíòû êî-
òîðîé íåçàâèñèìû è ðàñïðåäåëåíû íîðìàëüíî ñ ïàðàìåòðàìè (a, σ2).

1) Äîâåðèòåëüíûé èíòåðâàë äëÿ a, åñëè èçâåñòíî σ2. X ïîä÷è-
íÿåòñÿ íîðìàëüíîìó ðàñïðåäåëåíèþ N(a, σ2/n), òîãäà X̄−a

σ/
√

n
� ïîä-

÷èíÿåòñÿ N(0, 1). Ïóñòü 1√
2π

∞∫
uα

e−
x2

2 dx = α. Òîãäà P

(∣∣∣∣ (X̄−a)
√

n
σ

∣∣∣∣ <

uα

)
= 1− 2α. Ïîýòîìó äîâåðèòåëüíûé èíòåðâàë èìååò âèä:

X̄ − uασ√
n

< a < X̄ +
uασ√

n
.

2) Äîâåðèòåëüíûé èíòåðâàë äëÿ a, åñëè íåèçâåñòíî σ2.
X̄−a√

m2

√
n− 1 ïîä÷èíÿåòñÿ ðàñïðåäåëåíèþ Ñòüþäåíòà τn−1. Åñëè

P (|τn−1| < tα,n−1) = 1− 2α, òî äîâåðèòåëüíûé èíòåðâàë èìååò âèä:

X̄ − m2√
n− 1

tα,n−1 < a < X̄ +
m2√
n− 1

tα,n−1.

3) Äîâåðèòåëüíûé èíòåðâàë äëÿ σ2, åñëè èçâåñòíî a. Òàê êàê X
ïîä÷èíÿåòñÿ N(a, σ2), òî Xk−a

σ � ïîä÷èíÿåòñÿ N(0, 1). Åñëè ââåñòè
S2 =

n∑
k=1

(Xk − a)2, òî S2/σ2 áóäåò ïîä÷èíÿòüñÿ ðàñïðåäåëåíèþ χ2
n.

Ïîëîæèì P (χ2
n > un,α) = α, òîãäà òàêæå P (χ2

n > un,1−α) = 1 − α, è
èìååì

P (un,1−α < χ2
n < un,α) = P (χ2

n < un,α)− P (χ2
n < un,1−α) =

= 1− α− (1− (1− α)) = 1− 2α.
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Íåðàâåíñòâî un,1−α < S2/σ2 < un,α ìîæíî ïåðåïèñàòü â âèäå S2/un,α

< σ2 < S2/un,1−α, ïîýòîìó

P (S2/un,α < σ2 < S2/un,1−α) = 1− 2α.

4) Äîâåðèòåëüíûé èíòåðâàë äëÿ σ2, åñëè íåèçâåñòåí a. nm2
σ2 ïîä-

÷èíÿåòñÿ ðàñïðåäåëåíèþ χ2
n−1, è åñëè îáîçíà÷èòü P (χ2

n−1 > un−1,α) =
α, òî

P (nm2/un−1,α < σ2 < nm2/un−1,1−α) = 1− 2α.

3.7 Ñòàòèñòè÷åñêàÿ ïðîâåðêà ãèïîòåç
Ïðè îáðàáîòêå äàííûõ íàáëþäåíèé ìîæíî âûäâèãàòü ðàçíûå ïðåä-
ïîëîæåíèÿ (ãèïîòåçû) î ñâîéñòâàõ èñêîìîé âåðîÿòíîñòíîé ìîäåëè.
Âîçíèêàåò ïðîáëåìà ïðîâåðêè ïðàâèëüíîñòè ýòèõ ãèïîòåç. Ìû ñíà-
÷àëà èçó÷èì îäèí èç êðèòåðèåâ ïî ïðîâåðêå îäíîé îïðåäåëåííîé ãè-
ïîòåçû, à çàòåì ïåðåéäåì ê ðàññìîòðåíèþ îáùèõ ïðèíöèïîâ ñòàòè-
ñòè÷åñêîé ïðîâåðêè ãèïîòåç.

3.7.1 Êðèòåðèé ñîãëàñèÿ õè-êâàäðàò Ïèðñîíà
Ïî ðåàëèçàöèè âûáîðêè X = (X1, ..., Xn) íóæíî ðåøèòü, ÿâëÿåòñÿ
ëè çàäàííàÿ ôóíêöèÿ F (x) ôóíêöèåé ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè-
÷èíû ξ. Ðàçîáüåì ÷èñëîâóþ îñü òî÷êàìè z1 < z2 < · · · < zr íà (r + 1)
÷àñòåé:

(−∞, z1), [z1, z2), ..., [zr−1, zr), [zr,∞).

Ïóñòü

p1 = P (ξ ∈ (−∞, z1)), ..., pi+1 = P (ξ ∈ [zi, zi+1)), ...,

pr+1 = P (ξ ∈ (zr,∞)),

x = (x1, ..., xn), mk − ÷èñëî çíà÷åíèé ñëó÷àéíîé âåëè÷èíû, ïîïàâ-

øèõ â èíòåðâàë [zk−1, zk),
r+1∑
k=1

mk = n. Åñëè íàø âûáîð ïðàâèëåí (â

ñìûñëå âçÿòèÿ F (x) â êà÷åñòâå ôóíêöèè ðàñïðåäåëåíèÿ), òî
mk

n

P−→
n→∞ pk
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ïî òåîðåìå Áåðíóëëè. Ïî èíòåãðàëüíîé òåîðåìå Ìóàâðà � Ëàïëà-
ñà âåëè÷èíà mk−npk√

npkqk
(qk = 1 − pk) � àñèìïòîòè÷åñêè íîðìàëüíà ñ

ïàðàìåòðàìè (0,1), à âåëè÷èíà ηk = mk−npk√
npk

� àñèìïòîòè÷åñêè íîð-

ìàëüíà ñ ïàðàìåòðàìè (0, qk). Íî
r+1∑
k=1

√
pkηk = 1√

n
(
r+1∑
k=1

mk−n
r+1∑
k=1

pk) =

1√
n
(n − n) = 0. Çíà÷èò, íåçàâèñèìûõ âåëè÷èí � r øòóê. Ìîæíî ïî-

êàçàòü, ÷òî ïðè áîëüøèõ n ñóììà
r+1∑
k=1

η2
k ïîä÷èíÿåòñÿ ðàñïðåäåëåíèþ

χ2
r. Çíà÷èò, ïðè áîëüøèõ n ñóììà

r+1∑
k=1

(mk−npk)2

npk
ïîä÷èíÿåòñÿ ðàñïðå-

äåëåíèþ χ2 ñ r ñòåïåíÿìè ñâîáîäû. Â èòîãå ïîëó÷àåì
Êðèòåðèé χ2: Ïî òàáëèöàì ïî α (íàïðèìåð, α = 0.05) íàõîäèì

χ2
r,α òàêîå, ÷òî P (χ2

r > χ2
r,α) = α. Âû÷èñëÿåì χ2

r,âû÷ =
r+1∑
k=1

(mk−npk)2

npk
.

Åñëè pk, à çíà÷èò, è F (x), óãàäàíû ïðàâèëüíî, òî χ2
r,âû÷ äîëæíî

áûòü íåáîëüøèì. Åñëè χ2
r,âû÷ < χ2

r,α, òî ñ÷èòàåòñÿ, ÷òî ãèïîòåçà
î F (x) íå ïðîòèâîðå÷èò îïûòó. Åñëè æå ñëó÷èëîñü ìàëîâåðîÿòíîå
χ2

r,âû÷ > χ2
r,α, òî ñ÷èòàåòñÿ, ÷òî ãèïîòåçà î F (x) íåïðàâèëüíà.

Íîâûé àíàëèç îïûòà Áþôôîíà. Â îïûòå Áþôôîíà ìîíåòà áûëà
áðîøåíà n = 4040 ðàç, ÷èñëî âûïàäåíèé ãåðáà ðàâíî m1 = 2048, m2 =
1992 − ÷èñëî âûïàäåíèé ðåøåòêè. Ãèïîòåçà: âåðîÿòíîñòè âûïàäåíèé
ãåðáà è ðåøåòêè ðàâíû ìåæäó ñîáîé è èìåþò çíà÷åíèÿ p = q =
1
2 . Îïûòó ñ áðîñàíèåì ìîíåòû ñîïîñòàâëÿåì äèñêðåòíóþ ñëó÷àéíóþ
âåëè÷èíó ξ ñ ôóíêöèåé ðàñïðåäåëåíèÿ: F (x) = 0, åñëè x ≤ 0; F (x) =
1/2, åñëè 0 < x ≤ 1; F (x) = 1, åñëè 1 < x. ×èñëîâóþ ïðÿìóþ äåëèì
íà äâå ÷àñòè ñ ïîìîùüþ òî÷êè z1 = 1/2.

b b b0 1z1 = 1/2
r = 1, α = 0.05, χ2

1,0.05 = 3.84. Âû-
÷èñëÿåì

χ2
1,âû÷ =

r+1∑

k=1

(mk − npk)2

npk
=

(2048− 2020)2

4040 · 1/2
+

(1992− 2020)2

4040 · 1/2
= 0.78.

Âèäèì, ÷òî χ2
1,âû÷ < χ2

1,0.05, ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî ãèïîòåçà íå
ïðîòèâîðå÷èò ýêñïåðèìåíòó.
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3.7.2 Îáùèå ïðèíöèïû ñòàòèñòè÷åñêîé ïðâåðêè ãèïîòåç
Ïóñòü X = (X1, ..., Xn) � íåêîòîðàÿ âûáîðêà. Íóæíî ïðîâåðèòü, ÷òî
ãèïîòåçà H0 âåðíà èëè íå âåðíà. Ïóñòü S − êðèòè÷åñêàÿ îáëàñòü
äëÿ ïðîâåðêè ãèïîòåçû H0: åñëè X ∈ S, òî áóäåì ñ÷èòàòü, ÷òî ãè-
ïîòåçà íå âåðíà, åñëè æå X ∈ S̄, òî áóäåì ñ÷èòàòü, ÷òî ãèïîòåçà
âåðíà. Âåðîÿòíîñòü PH0(S) = α íàçûâàåòñÿ óðîâíåì çíà÷èìîñòè. Íî
ìîæåò áûòü, ÷òî ãèïîòåçà H0 âåðíà, íî X ∈ S, ò.å. ãèïîòåçó H0 íóæíî
ñ÷èòàòü íåâåðíîé. Ìû ñîâåðøàåì îøèáêó ïåðâîãî ðîäà: îòâåðãàåòñÿ
âåðíàÿ ãèïîòåçà. α = PH0(S) − âåðîÿòíîñòü îøèáêè ïåðâîãî ðîäà.
Íî ìîæåò áûòü, ÷òî ãèïîòåçà H0 âåðíà, íî X ∈ S, ò.å. ãèïîòåçó H0

íóæíî ñ÷èòàòü íåâåðíîé. Ìû ñîâåðøàåì îøèáêó ïåðâîãî ðîäà: îòâåð-
ãàåòñÿ âåðíàÿ ãèïîòåçà. α = PH0(S) − âåðîÿòíîñòü îøèáêè ïåðâîãî
ðîäà.

¶

µ

³

´S

S̄ Íî ìîæåò áûòü, ÷òî ãèïîòåçà H0 íå âåðíà, íî
X ∈ S̄, òîãäà ìû ñîâåðøàåì îøèáêó 2-ãî ðîäà,
êîãäà íåâåðíóþ ãèïîòåçó ïðèíèìàåì çà âåð-
íóþ. ×òîáû îöåíèòü âåðîÿòíîñòü îøèáêè 2-ãî
ðîäà, äîïóñòèì, ÷òî èìååòñÿ êîíêóðèðóþùàÿ
ãèïîòåçà H1.

Òîãäà PH1(S̄) = β − âåðîÿòíîñòü îøèáêè 2-ãî ðîäà. β äîëæíà èìåòü
íàèìåíüøåå çíà÷åíèå. Âåðîÿòíîñòü 1 − β = PH1(S) îïðîâåðãíóòü
íåâåðíóþ ãèïîòåçó íàçûâàåòñÿ ìîùíîñòüþ êðèòåðèÿ. S íóæíî ïîäî-
áðàòü òàê, ÷òîáû ïðè çàäàííîì α âåëè÷èíà 1− β èìåëà íàèáîëüøåå
çíà÷åíèå.

Ïóñòü LH0(X1, ..., Xn) − ôóíêöèÿ ïðàâäîïîäîáèÿ äëÿ âûáîðêè X
ïðè ãèïîòåçå H0, LH1(X1, ..., Xn) − òî æå ñàìîå ïðè ãèïîòåçå H1. Ïî-
ëîæèì SC = {X = (X1, ..., Xn) : LH1/LH0 ≥ C}. Ïóñòü äëÿ ëþáîãî
α íàéäåòñÿ òàêîå C, ÷òî PH0(SC) = α.

Òåîðåìà Íåéìàíà � Ïèðñîíà. Ñðåäè âñåõ êðèòåðèåâ, ðàçëè÷à-
þùèõ ãèïîòåçû H0 è H1 ñ çàäàííîé îøèáêîé ïåðâîãî ðîäà α, íàèáî-
ëåå ìîùíûì ÿâëÿåòñÿ êðèòåðèé, îïðåäåëÿåìûé êðèòè÷åñêèì ìíî-
æåñòâîì SC .
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Äîêàçàòåëüñòâî. Ïóñòü S − íåêîòîðîå êðèòè÷åñêîå ìíîæåñòâî
PH0(S) = α. Èìååì

PH0(SC\SCS) = α− PH0(SCS) = PH0(S)− PH0(SCS) = PH0(S\SCS),

ïîýòîìó

PH1(SC\SCS) =
∫

SC\SCS

LH1dx ≥ C

∫

SC\SCS

LH0dx = CPH0(SC\SCS) =

= CPH0(S\SCS) =
∫

S\SCS

LH0dx ≥
∫

S\SCS

LH1dx = PH1(SC\SCS).

Â èòîãå ïîëó÷àåì

PH1(S) = PH1(S\SCS) + PH1(SCS) ≤

≤ PH1(SC\SCS) + PH1(SCS) = PH1(SC).

Ïðèìåð. Áåðíóëëèåâñêàÿ ìîäåëü. Ïóñòü H0 : p = p0, H1 :
p = p1 è p0 < p1. Òàê êàê LH0 = pm

0 (1 − p0)n−m è LH1 = pm
1 (1 −

p1)n−m, òî êðèòè÷åñêîå ìíîæåñòâî SC çàäàåòñÿ ñ ïîìîùüþ íåðà-
âåíñòâà LH1/LH0 =

(( p1

1−p1

)
/
( p0

1−p0

))m(1−p1

1−p0

)n ≥ C, îòêóäà m ≥
(
lnC + n ln 1−p0

1−p1

)
/ ln p1(1−p0)

p0(1−p1) = mα, çíà÷èò SC = {m ≥ mα}. Âû-
÷èñëÿåì

PH0(S) =
∑

m≥mα

Cm
n pm

0 (1− p0)n−m ≈ 1√
2π

∞∫

mα−np0√
np0q0

=uα

e−
u2

2 du = α,

îòêóäà mα = np0 +
√

np0q0uα.
Ïðèëîæåíèå ê îïûòó Áþôôîíà. H0: p = 1

2 , H1: p > 1
2 , α = 0.05.

Èç òàáëèö äëÿ íîðìàëüíî ñòàíäàðòíîãî ðàñïðåäåëåíèÿ íàõîäèì uα =

1.65, çíà÷èò mα = 2020 + 1.65
√

4040
4 ≈ 2072. Íî m = 2048 ∈ S̄,

ïîýòîìó ãèïîòåçà H0 ïðèíèìàåòñÿ, à ãèïîòåçà H1 îòâåðãàåòñÿ.
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3.7.3 10-îå ïðàêòè÷åñêîå çàíÿòèå. Äîâåðèòåëüíûé èíòåð-
âàë. Ñòàòèñòè÷åñêàÿ ïðîâåðêà ãèïîòåç

Çàäà÷à 9.13. Ïî âûáîðêå, ïîëó÷åííîé â çàäà÷å 9.2, ïîñòðîèòü äîâå-
ðèòåëüíûé èíòåðâàë äëÿ a ñ äîâåðèòåëüíîé âåðîÿòíîñòüþ 0.95 è äëÿ
σ2 ñ äîâåðèòåëüíîé âåðîÿòíîñòüþ 0.94.

Ðåøåíèå. a è σ2 íåèçâåñòíû. Äëÿ ïîñòðîåíèÿ äîâåðèòåëüíîãî èí-
òåðâàëà äëÿ a âîñïîëüçóåìñÿ ñëó÷àéíîé âåëè÷èíîé τn−1 = (X̄−a)

√
n−1√

m2
,

ïîä÷èíåííîé ðàñïðåäåëåíèþ Ñòüþäåíòà ñ n − 1 ñòåïåíÿìè ñâîáîäû,
n = 22, X̄ = 0.6149, m2 = 1.0678. τ0.025,21 = 2.08,

√
m2/(n− 1) =

0.2256,
√

m2/(n− 1)τα,n−1 = 0.469. Äîâåðèòåëüíûé èíòåðâàë: 0.146 <
a < 1.084.

Äëÿ ïîñòðîåíèÿ äîâåðèòåëüíîãî èíòåðâàëà äëÿ σ2 èñïîëüçóåì
ñëó÷àéíóþ âåëè÷èíó m2n/σ2, ïîä÷èíåííóþ ðàñïðåäåëåíèþ χ2

n−1. Èç
òàáëèöû íàõîäèì: χ2

0.99,21 = 8.9, χ2
0.05,21 = 32.7. 22m2/χ2

0.05,21 = 0.7181,
22m2χ

2
0.99,21 = 2.6395. P (0.7181 < σ2 < 2.6395) = 0.94.

Çàäà÷à 9.15. Íàéòè ñòàòèñòèêó íàèáîëåå ìîùíîãî êðèòåðèÿ,
ðàçëè÷àþùåãî ïî âûáîðêå X1, X2, ..., Xn ãèïîòåçû

H0 : P (Xk = i) = p0
i > 0; H1 : P (Xk = i) = p1

i > 0; i = 1, ..., N ;

n∑

i=1

p
(0)
i =

n∑

i=1

p
(1)
i = 1.

Peøeíèe. LH0(X1, X2, ..., Xn) = p
(0)
1

m1
p
(0)
2

m2 · · · p(0)
N

mN
, mk � ÷èñ-

ëî ñëó÷àåâ, êîãäà X = k. LH1(X1, X2, ..., Xn) = p
(1)
1

m1
p
(2)
2

m2 · · · p(1)
N

mN
.

Ñòàòèñòèêà íàèáîëåå ìîùíîãî êðèòåðèÿ:

ln(LH1/LH0) = m1 ln(p(1)
1 /p

(0)
1 ) + m2 ln(p(1)

2 /p
(0)
2 ) + · · ·mN ln(p(1)

N /p
(0)
N ).

Çàäà÷à 9.20. Ïóñòü X1, X2, ..., X15 � âûáîðêà, äëÿ êîòîðîé
P (Xk = l) = pl, l = 1, 2, 3. Ïîëó÷èòü 10 ðåàëèçàöèé ýòîé âûáîðêè
ñ pl = p

(0)
l = 1/3, l = 1, 2, 3, è 10 ðåàëèçàöèé ñ p1 = p

(1)
1 = 0, 40,

p2 = p
(1)
2 = 0, 42, p3 = p

(1)
3 = 0, 18. Äëÿ êàæäîé âûáîðêè, èñïîëü-

çóÿ íàèáîëåå ìîùíûé êðèòåðèé, íàéäåííûé â çàäà÷å 9.15, âûáðàòü
îäíó èç äâóõ ãèïîòåç. Äëÿ âû÷èñëåíèÿ îøèáîê 1-ãî è 2-ãî ðîäà α
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è β èñïîëüçîâàòü íîðìàëüíîå ïðèáëèæåíèå. Âûáðàòü α = β. Íàéòè
÷àñòîòû îøèáîê 1-ãî è 2-ãî ðîäà.

Ðåøåíèå. Äëÿ ïîñòðîåíèÿ äåñÿòè ðåàëèçàöèé âûáîðêè äëÿ ãè-
ïîòåçû H0 â êàæäîé èç äåñÿòè ïåðâûõ ñòðîê òàáëèöû ñëó÷àéíûõ
÷èñåë áåðåì 15 ïåðâûõ îòëè÷íûõ îò íóëÿ ÷èñåë, ñðåäè íèõ îòáèðà-
åì m1 ÷èñåë, íàõîäÿùèõñÿ ìåæäó 1 è 2, m2 − ìåæäó 4 è 6, m3 −
ìåæäó 7 è 9. Äíÿ ïîñòðîåíèÿ ðåàëèçàöèé âûáîðêè äëÿ ãèïîòåçû H1

áóäåì ñ÷èòàòü, ÷òî m1 � ÷èñëî äâóçíà÷íûõ ÷èñåë ìåæäó 0 è 39, m2

� ìåæäó 40 è 81, m3 � ìåæäó 82 è 99. Ïîëó÷àåì

m1 8 2 4 5 5 5 7 6 3 6
H0 m2 4 8 6 2 2 2 6 6 6 2

m3 3 5 5 8 8 8 2 3 6 7
m1 8 5 7 11 4 6 11 9 4 5

H1 m2 6 8 5 2 10 6 3 3 9 8
m3 1 2 3 2 1 3 1 3 2 2

.

ln(LH1/LH0) = 0.182(15−m2 −m3) + 0.231m2 − 0.616m3 =

= 0.049m2 − 0.798m2 + 2.73.

Ïðè ãèïîòåçå H0 âåëè÷èíû m2 è m3 ñ÷èòàåì ïîä÷èíÿþùèìèñÿ
ïðèáëèæåííî íîðìàëüíîìó ðàñïðåäåëåíèþ ñ ïàðàìåòðàìè (15p

(0)
1 ,

15p(0)
1 · (1 − p

(0)
1 )) = (5, 1.8252). Ðàññìîòðèì PH0(m2 + m3 > 15). Ïî-

ëîæèì ξi = (mi − 5)/1.825, i = 2, 3. ξi ðàñïðåäåëåíû íîðìàëüíî-
ñòàíäàðòíî. Òîãäà PH0(m2 + m3 > 15) = P ((ξ1 + ξ2)/

√
2 ≥ 1.94) =

0.026. Ïîýòîìó â îïðåäåëåíèè êðèòè÷åñêîãî ìíîæåñòâà

SC = {(m2, m3) : 0.049m2 − 0.798m3 > C;m2 + m3 ≤ 15}

óñëîâèå m2 +m3 ≤ 15 ìîæíî ñ÷èòàòü äîñòîâåðíûì ñîáûòèåì, çíà÷èò

SC = {(m2,m3) : 0.049m2 − 0.798m3 > C} =

= {(ξ2, ξ3) : 0.061ξ2 − 0.998ξ3 >
C + 1.377

1.469
}.

90



Îøèáêà ïåðâîãî ðîäà

α = PH0(SC) =
1√
2π

∞∫

C+1.377
1.469

e−
t2

2 dt.

Äëÿ ãèïîòåçû H1 : m2 ∼ N(15p(1)
2 , 15p

(1)
2 q

(1)
2 ) = N(6.3, 1.9122),

m3 ∼ N(15p
(1)
3 , 15p(1)

3 q
(1)
3 ) = N(2.7, 1.4882). Ïîëîæèì η2 = m2−6.3

1.912 ,
η2 = m3−2.7

1.488 . Òîãäà P (m2 +m3 > 15) = P (0.789η2 +0.614η3 > 2.248) =
0.007. Ýòîé âåðîÿòíîñòüþ òîæå ïðåíåáðåãàåì.

β = PH1(S̄C) = P (0.049(1.912η2 + 6.3)− 0.798(1.488η3 + 2.7) ≤ C) =

= (0.079η2 − 0.997η3 ≤ C − 1.846
1.191

) =
1√
2π

∞∫

−C−1.846
1.191

e−
t2

2 dt.

Èç α = β ñëåäóåò C+1.377
1.469 = −C−1.846

1.191 , îòêóäà C = −1.63. Çíà÷åíèÿ
0.049m2 − 0.798m3:

H0 −2.2|−3.6|−3.70|−6.3|−6.30|−6.3|−1.30|−2.10|−4.50|−5.6
H1 −0.5|−1.2|−2.15|−1.5|−0.31|−2.1|−0.65|−2.25|−1.15|−1.20

.

×àñòîòà îøèáêè ïåðâîãî ðîäà: 0.1, âòîðîãî ðîäà � 0.3.
Çàäà÷à 15.170. Â ðåçóëüòàòå n = 16 íàáëþäåíèé äëÿ åìêî-

ñòè êîíäåíñàòîðà íàéäåíî X̄ = 20 ìêô. Íàéòè 90%-íûå è 99%-íûå
äîâåðèòåëüíûå èíòåðâàëû äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ åìêîñòè.
Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå σ = 4 ìêô.

Ðåøåíèå. Òàê êàê ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå èçâåñòíî, σ =
4 ìêô, òî íóæíî èñïîëüçîâàòü ñòàòèñòèêó (X̄−m)

√
n

σ , èìåþùóþ íîð-
ìàëüíîå ñòàíäàðòíîå ðàñïðåäåëåíèå. Ðàññìàòðèâàåì äâà ñëó÷àÿ: α =

0.05 è α = 0.005. Â òàáëèöå ðåøåíèé óðàâíåíèÿ 1√
2π

∞∫
uα

e−
u2

2 du = α

íàõîäèì ñîîòâåòñòâåííî çíà÷åíèÿ u0.05 = 1.65 è u0.005 = 2.58. Òîãäà
P (20− 1.65 < m < 20 + 1.65) = 0.9 è P (20− 2.26 < m < 20 + 2.26) =
0.99.

Çàäà÷à 15.196. Èç áîëüøîé ïàðòèè òðàíçèñòîðîâ îäíîãî òè-
ïà áûëè ñëó÷àéíûì îáðàçîì îòîáðàíû è ïðîâåðåíû 100 øòóê. Ó
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36 òðàíçèîòîðîâ êîýôôèöèåíò óñèëåíèÿ îêàçàëñÿ ìåíüøå 10. Íàé-
òè 95% -íûé äîâåðèòåëüíûé èíòåðâàë äëÿ äîëè òàêèõ òðàíçèñòîðîâ
ïî âñåé ïàðòèè.

Ðåøåíèå. Ïócòü p � âåðîÿòíîñòü òîãî, ÷òî ó òðàíçèñòîðà êîýô-
ôèöèåíò óñèëåíèÿ ìåíüøå 10. P (|m−np√

npq | < uα) = 1 − 2α = 0.95. α =

0.025, uα = 1.96. Èìååì |m−np
n | <

uα
√

pq√
n

≤ uα

2
√

n
, òàê êàê √pq ≤ 0.5.

|mn − p| < 1.96
2·10 = 0.098 → 0.36− 0.1 < p < 0.36 + 0.1.

Çàäà÷à 15.218. Áîëüøàÿ ïàðòèÿ èçäåëèé ìîæåò ñîäåðæàòü íåêî-
òîðóþ äîëþ äåôåêòíûõ. Ïîñòàâùèê óòâåðæäàåò, ÷òî ýòà äîëÿ ñî-
ñòàâëÿåò 5%; ïîêóïàòåëü ïðåäïîëàãàåò, ÷òî äîëÿ äåôåêòíûõ èçäåëèé
ðàâíà 10%. Óñëîâèÿ ïîñòàâêè: èç ïàðòèè ñëó÷àéíûì îáðàçîì îòáè-
ðàåòñÿ è ïðîâåðÿåòñÿ 10 èçäåëèé; ïàðòèÿ ïðèíèìàåòñÿ è ïðîâåðÿåòñÿ
íà óñëîâèÿõ ïîñòàâùèêà, åñëè ïðè ïðîâåðêå îáíàðóæåíî íå áîëåå
îäíîãî äåôåêòíîãî èçäåëèÿ; â ïðîòèâíîì ñëó÷àå ïàðòèÿ ïðèíèìàåò-
ñÿ íà óñëîâèÿõ ïîêóïàòåëÿ. Ñôîðìóëèðîâàòü ýòó çàäà÷ó â òåðìèíàõ
òåîðèè ïðîâåðêè ñòàòèñòè÷åñêèõ ãèïîòåç è îòâåòèòü íà ñëåäóþùèå
âîïðîñû:

à) Êàêîâû ñòàòèñòèêà êðèòåðèÿ, îáëàñòü åå çíà÷åíèé, êðèòè÷å-
ñêàÿ îáëàñòü?

á) Êàêîå ðàñïðåäåëåíèå èìååò ñòàòèñòèêà êðèòåðèÿ?
â) Â ÷åì ñîñòîÿò ïðîâåðÿåìàÿ è àëüòåðíàòèâíàÿ ãèïîòåçû?
ã) Â ÷åì ñîñòîÿò îøèáêè ïåðâîãî è âòîðîãî ðîäà è êàêîâû èõ

âåðîÿòíîñòè?
Ðåøåíèå. Ãèïîòåçà ïîñòàâùèêà H0 : p = p0 = 0.05. Ãèïîòåçà

ïîêóïàòåëÿ: H1 : p = p1 = 0.1. Äëÿ îïðåäåëåíèÿ êðèòåðèÿ ðàññìàò-
ðèâàåòñÿ ñëó÷àéíîå ÷èñëî m äåôåêòíûõ èçäåëèé ñðåäè 10. Êðèòè-
÷åñêàÿ îáëàñòü: S = {m > 1}. Îøèáêà ïåðâîãî ðîäà: âåðîÿòíîñòü
äåôåêòíûõ èçäåëèé ðàâíà 0.05, íî m > 1 è ïðèíèìàåòñÿ ãèïîòåçà
H1. α = PH0(S) = 1 − q10

0 − C1
10q

9
0p0 = 0.086. Îøèáêà âòîðîãî ðîäà:

H0 íå âåðíà, ò.å. ð=0.1, íî ïðèíèìàåòñÿ H0. β = PH1 = q10
1 +C1

10q
9
1p1 =

0.736.

Çàäà÷è äîìàøíåãî çàäàíèÿ.
Çàäà÷à 9.14. Èñïîëüçóÿ êðèòåðèé χ2, ïðîâåðèòü ãèïîòåçó î òîì,

÷òî âûáîðêà, ïîëó÷åííàÿ â çàäà÷å 5.24, ñîîòâåòñòâóåò ðàâíîìåðíîìó
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ðàñïðåäåëåíèþ íà îòðåçêå [0, 1]. Óðîâåíü çíà÷èìîñòè α = 0.05.
Çàäà÷à 15.171. Íàéòè 90%-íûå è 99%-íûå äîâåðèòåëüíûå èí-

òåðâàëû äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ âðåìåíè áåçîòêàçíîé ðàáî-
òû ýëåêòðîííîé ëàìïû, åñëè x̄ = 500, n = 100, ñðåäíåêâàäðàòè÷íîå
îòêëîíåíèå èçâåñòíî è ðàâíî 10 ÷àñàì.

Îòâåò: (498.35, 501.64), (497.42, 502.58).

Çàäà÷à 15.197. Ñ àâòîìàòè÷åñêîé ëèíèè, ïðîèçâîäÿùåé ïîä-
øèïíèêè, áûëî îòîáðàíî 400 øòóê, ïðè÷åì 10 îêàçàëîñü áðàêîâàí-
íûìè. Íàéòè 90%-íûé äîâåðèòåëüíûé èíòåðâàë äëÿ âåðîÿòíîñòè ïî-
ÿâëåíèÿ áðàêîâàííîãî ïîäøèïíèêà. Ñêîëüêî ïîäøèïíèêîâ íàäî ïðî-
âåðèòü, ÷òîáû ñ âåðîÿòíîñòüþ 0.9973 ìîæíî áûëî óòâåðæäàòü, ÷òî
âåðîÿòíîñòü ïîÿâëåíèÿ áðàêîâàííîãî ïîäøèïíèêà íå îòëè÷àåòñÿ îò
÷àñòîòû áîëåå ÷åì íà 5%?

Îòâåò: (0.012, 0.038), n ≥ 88.

Çàäà÷à 15.219. Èç ïðîäóêöèè àâòîìàòà, îáðàáàòûâàþùåãî áîë-
òû ñ íîìèíàëüíûì çíà÷åíèåì êîíòðîëèðóåìîãî ðàçìåðà m0 = 40
ìì, áûëà âçÿòà âûáîðêà áîëòîâ îáúåìà n = 36. Âûáîðî÷íîå ñðåäíåå
êîíòðîëèðóåìîãî ðàçìåðà x̄ = 40.2 ìì. Ðåçóëüòàòû ïðåäûäóùèõ èç-
ìåðåíèé äàþò îñíîâàíèå ïðåäïîëàãàòü, ÷òî äåéñòâèòåëüíûå ðàçìåðû
áîëòîâ îáðàçóþò íîðìàëüíî ðàñïðåäåëåííóþ ñîâîêóïíîñòü ñ äèñïåð-
ñèåé σ2 = 1 ìì2. Ìîæíî ëè ïî ðåçóëüòàòàì ïðîâåäåííîãî âûáîðî÷-
íîãî îáñëåäîâàíèÿ óòâåðæäàòü, ÷òî êîíòðîëèðóåìûé ðàçìåð â ïðî-
äóêöèè àâòîìàòà íå èìååò ïîëîæèòåëüíîãî ñìåùåíèÿ ïî îòíîøåíèþ
ê íîìèíàëüíîìó ðàçìåðó? Ïðèíÿòü α = 0.01. Êàêîâà êðèòè÷åñêàÿ
îáëàñòü â ýòîì ñëó÷àå?

Îòâåò: Äà. Vk = {X̄ > 40.39}.

3.8 Ëèíåéíàÿ ðåãðåññèÿ è ìåòîä íàèìåíüøèõ êâàäðà-
òîâ

1) Ïîñòàíîâêà çàäà÷è. Ïóñòü y åñòü ôóíêöèÿ îò x: y =
k−1∑
l=1

βlx
l.

Êîýôôèöèåíòû βl íåèçâåñòíû. Ïðîâåäåíû n èçìåðåíèé âåëè÷èíû y
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ïðè çàäàííûõ x = xi: yi = β0 +β1xi + · · ·+βlx
k−1
i +δi, i = 1, ..., n. δi �

îøèáêè èçìåðåíèé, êîòîðûå íåçàâèñèìû è ðàñïðåäåëåíû íîðìàëüíî
ñ ïàðàìåòðàìè (a, σ2). Óäîáíî èñïîëüçîâàòü ìàòðè÷íûå îáîçíà÷åíèÿ:

Y =




y1

·
·
·
yn




, X =




1 1 · · · 1
x1 x2 · · · xn

· · · · · ·
· · · · · ·
· · · · · ·
xk−1

1 xk−1
2 · · · xk−1

n




,

δ =




δ1

·
·
·
δn




, β =




β0

·
·
·
βk−1




.

òîãäà Y = XT β + δ, δ = Y −XT β. Íóæíî íàéòè β.
2) Ìåòîä íàèìåíüøèõ êâàäðàòîâ. Ðàññìîòðèì

Q =
n∑

i=1

δ2
i = δT δ = (Y −XT β)T (Y −XT β) =

= Y T Y −(Y T XT β+βT XY )+βT XXT β = Y T Y −2βT XY +βT XXT β.

Òðåáóåì ìèíèìóìà ýòîé ôóíêöèè Q: ∂Q
∂βl

= 0, l = 0, 1, ..., k − 1. Îáî-
çíà÷èì

Z = XY =




z0

·
·
·
zk−1




,

òîãäà βT XY =
k−1∑
i=1

βizi è ∂(βT XY )
∂βl

= ∂
∂βl

k−1∑
i=1

βizi = zl = (XY )l. Îáî-

çíà÷èì S = XXT = (sij), i, j = 0, ..., k − 1. Òîãäà

∂

∂βl
(βT XXT β) =

∂

∂βl
(

k−1∑

i,j=0

sijβiβj) = 2
k−1∑

j=0

sljβj = 2(Sβ)l.
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Â èòîãå ïîëó÷àåì, ÷òî ñèñòåìà ∂Q
∂βl

= 0 ýêâèâàëåíòíà ñèñòåìå −2zi +

2
k−1∑
j=0

sijβj = 0, êîòîðàÿ â ìàòðè÷íîé çàïèñè èìååò âèä Sβ = XY.

Ðåøåíèå ýòîé ñèñòåìû îáîçíà÷èì β∗. β∗ � îöåíêà ïàðàìåòðà β. β∗ =
S−1(XY ) = (S−1X)Y = S−1X(XT + δ) = β + S−1Xδ.

3) Ñâîéñòâà β∗ .
à) Mβ∗ = M(β + S−1Xδ) = Mβ + S−1XMδ = Mβ = β, β∗ �

íåñìåùåííàÿ îöåíêà äëÿ β.
á)

Dβ∗ ≡ cov(β∗, β∗T ) =
(

cov(β∗i , β∗j )
)

= cov(β+S−1Xδ, βT +δT XT S−1) =

= cov(S−1Xδ, δT XT S−1) = S−1Xcov(δ, δT )XT S−1 = S−1Xσ2InXT S−1

= σ2S−1,

òàê êàê

cov(δi, δj) =
(

0, i 6= j
σ2, i = j

)
, è Dδ = cov(δ, δT ) = σ2In.

4) Íåâÿçêà. Îïðåäåëÿåòñÿ íåâÿçêà e , êîòîðàÿ âû÷èñëÿåòñÿ ñëå-
äóþùèì îáðàçîì:

e = Y −XT β∗ = XT β + δ −XT (β + S−1Xδ) = (In −XT S−1X)δ.

Îáîçíà÷èì α = In − XT S−1X, òîãäà e = αδ. αT = α, òî-åñòü α

� ñèììåòðè÷åñêàÿ ìàòðèöà, òàê êàê (XT S−1X)T = XT S−1XT T =
XT S−1X. Ïóñòü Q0 = eT e = δT αT αδ = δT αδ, òàê êàê αα = (In −
XT S−1X)(In − XT S−1X) = In − 2XT S−1X + XT S−1XXT S−1X =
In−XT S−1X = α. Ðàññìîòðèì Q|β=β∗ = (Y T − β∗T X)(Y −XT β∗) =
eT e = Q0, òî-åñòü Q0 åñòü ìèíèìóì Q. Q0 íàçûâàåòñÿ îñòàòî÷íîé
ñóììîé êâàäðàòîâ. Ðàç α − ñèììåòðè÷åñêàÿ ìàòðèöà, òî ñóùåñòâó-
åò îðòîãîíàëüíîå ïðåîáðàçîâàíèå O (OT O = In), ÷òî èìååò ìåñòî
α = OT αdiagO, ãäå ìàòðèöà αdiag � äèàãîíàëüíàÿ ìàòðèöà. Íî α2 =
OT αdiagOOT αdiagO = OT αdiagαdiagO = α = OT αdiagO. Ïîýòîìó, äèà-
ãîíàëüíûå ýëåìåíòû ìàòðèöû αdiag ðàâíû 0 èëè 1. Ñ äðóãîé ñòîðîíû,
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ñóììà äèàãîíàëüíûõ ýëåìåíòîâ ìàòðèöû α, îáîçíà÷àåìàÿ ñëåä(α),
ðàâíà: ñëåä(α) = ñëåä(In − XT S−1X) = n − ñëåä(XT S−1X) = n −
ñëåä(XXT S−1) = n − ñëåä(SS−1) = n − ñëåä(Ik) = n − k. Â èòîãå
ðàíã ìàòðèöû α ðàâåí å¼ ñëåäó n− k.

Âû÷èñëèì

MQ0 = MδT αδ = M
n∑

i,j=1

αijδiδj =
n∑

i,j=1

αijMδiδj = σ2
n∑

i=1

αii =

= σ2ñëåä(α) = σ2(n− k).

Îòñþäà, åñëè
s2 =

Q0

n− k
,

òî Ms2 = σ2 è s2 åñòü íåñìåùåííàÿ îöåíêà äëÿ σ2. Ñ äðóãîé ñòîðîíû,
òàê êàê Q0 = eT e = (Oδ)T αdiag(Oδ), òî Q0

σ2 ∝ χ2
n−k. Ðàññìîòðèì

D(β∗ − β) = cov(β∗ − β, β∗T − βT ) = cov(S−1Xδ, δT XT S−1) =

= S−1Xcov(δ, δT )XT S−1 = σ2S−1XXT S−1 = σ2S−1,

çíà÷èò D(β∗ − β)i = σ2(S−1)ii. Â èòîãå èìååì

(β∗ − β)i√
σ2(S−1)ii

∝ N(0, 1),
Q0

σ2(n− k)
=

s2

σ2
∝ χ2

n−k

n− k

è
(β∗ − β)i√
σ2(S−1)ii

:

√
s2

σ2
=

(β∗ − β)i√
s2(S−1)ii

∝ τn−k.

Ïîñëåäíèå ñîîòíîøåíèÿ � èñòî÷íèêè äëÿ ïîëó÷åíèÿ èíòåðâàëüíûõ
îöåíîê äëÿ σ2 è βi.

5) Ëèíåéíûå ãèïîòåçû. Ìîæíî ïðåäïîëîæèòü, ÷òî êîýôôèöè-
åíòû βi äîëæíû óäîâëåòâîðÿòü óñëîâèÿì: tl0β0+tl1β1+· · ·+tl(k−1)βk−1 =
tl, l = 1, ..., m. Â ìàòðè÷íîé çàïèñè ìû èìååì:

Tβ = t, T =




t10 · · · t1(k−1)

· · · · · · ·
· · · · · · ·
· · · · · · ·
tm0 · · · tm(k−1)




, t =




t1
·
·
·
tm




.
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Èùåòñÿ ìèíèìóì Q = (Y T − βT X)(Y − XT β) ïðè óñëîâèè Tβ =
t. Îêàçûâàåòñÿ, òî÷êà óñëîâíîãî ìèíèìóìà β̃ ñâÿçàíà ñ òî÷êîé β∗

àáñîëþòíîãî ìèíèìóìà ñëåäóþùèì îáðàçîì:
β̃ = β∗ − S−1T T D−1(Tβ∗ − t), D = TS−1T T .

Îòíîñèòåëüíûé ìèíèìóì Q(β̃) è àáñîëþòíûé ìèíèìóì Q0 = Q(β∗)
ñâÿçàíû ñ ïîìîùüþ ñîîòíîøåíèÿ

Q(β̃) = Q0 + QT , QT = (Tβ∗ − t)T D−1(Tβ∗ − t).

Îêàçûâàåòñÿ QT

σ2 ∝ χ2
m, ïîýòîìó QT

m : Q0

n−k = χ2
m

m :
χ2

n−k

n−k = F (m,n− k)
è F (m,n− k) íàçûâàåòñÿ ðàñïðåäåëåíèåì Ôèøåðà.

Ïóñòü ãèïîòåçà Tβ = t âåðíà, òîãäà QT áëèçêà ê íóëþ, òîãäà
áëèçêà ê íóëþ è F (m,n − k). Ïóñòü îïðåäåëÿåòñÿ Fα(m,n − k) èç
óñëîâèÿ P (F (m,n − k) > Fα(m,n − k)) = α. . Åñëè α ìàëî, òî
(F (m,n−k) < Fα(m,n−k)) áëèçêî ê äîñòîâåðíîìó ñîáûòèþ. Ïîýòî-
ìó, åñëè âû÷èñëåííîå çíà÷åíèå F (m, n − k) óäîâëåòâîðÿåò íåðàâåí-
ñòâó F (m,n− k) < Fα(m,n− k)), , òî ãèïîòåçà ïðèíèìàåòñÿ, åñëè íå
óäîâëåòâîðÿåò, òî ãèïîòåçà îòâåðãàåòñÿ.

3.8.1 11-îå ïðàêòè÷åñêîå çàíÿòèå. Ðåãðåññèîííûé àíàëèç

Çàäà÷à 9.16. Äëÿ âåëè÷èíû σ2∗ = 1
n

n∑
i=1

(yi − a∗xi − b∗)2, ãäå

a∗ = a +

n∑
i=1

xiδi

n∑
i=1

x2
i

è b∗ = b +

n∑
i=1

δi

n

� îöåíêè äëÿ a è b â çàäà÷å äëÿ ëèíåéíîé ðåãðåññèè ñ yi = axi+b+δi,
n∑

i=1
xi = 0, íàéòè σ2∗.

Ðåøåíèå. σ2∗ = 1
n

n∑
i=1

(yi − a∗xi − b∗)2.

yi − a∗xi − b∗ = δi − 1
n

n∑

k=1

δk − xi
n∑

k=1

x2
k

n∑

j=1

xjδj ,

97



(yi − a∗xi − b∗)2 = δ2
i +

1
n2

(
n∑

k=1

δk)2 +
x2

i

(
n∑

k=1

x2
k)

2

(
n∑

j=1

xjδj)2−

−2δi

n

n∑

k=1

δk − 2xiδi
n∑

k=1

x2
k

n∑

j=1

xjδj +
2
n

n∑

l=1

δl
xi

n∑
k=1

x2
k

n∑

j=1

xjδj ,

σ2∗ =
1
n

[ n∑

k=1

δ2
k+

(
n∑

k=1

δk)2

n
+

( n∑
j=1

xjδj

)2

n∑
k=1

x2
k

− 2
n

(
(

n∑

k=1

δk)2+n

(
n∑

j=1
xjδj)2

n∑
k=1

x2
k

)]
=

=
1
n

[ n∑

k=1

δ2
k −

1
n

( n∑

k=1

δk

)2

−
(

n∑
k=1

xkδk

)2

(
n∑

k=1

xk)2

]
.

Mδ2
k = σ2. Mσ2∗ =

1
n

(nσ2 + σ2 + σ2 − 2σ2 − 2σ2) =
n− 2

n
σ2.

Çàäà÷à 9.18. Ïóñòü yi � çíà÷åíèÿ ôóíêöèè f(x) = ax2 + bx + c,
èçìåðåííûå â òî÷êàõ xi = 0.2 + 0.5(i − 1), i = 1, ..., 10. Ïðè a =
1, b = 2, c = −1 íàéòè ðåàëèçàöèþ âûáîðêè yi = x2 + 2x − 1 + δi,
i = 1, 2, ..., 10, ãäå δi íåçàâèñèìû è íîðìàëüíî ðàñïðåäåëåíû ñ Mδi =
0, Dδi = 0.06. Ìåòîäîì íàèìåíüøèõ êâàäðàòîâ ïîëó÷èòü îöåíêè
a∗, b∗, c∗ ïàðàìåòðîâ a, b, c. Ñðàâíèòü ýòè îöåíêè ñ èçâåñòíûìè èñ-
òèííûìè çíà÷åíèÿìè.

Ðåøåíèå. Åñëè σ2 = 0.06, òî σ ≈ 0.25. Èç òàáëèöû íîðìàëüíî
ðàñïðåäåëåííûõ ñëó÷àéíûõ ÷èñåë ñ σ = 1 áåðåì 10 ÷èñåë, ïåðåäâè-
ãàÿñü ïî ñòðîêàì ñëåâà íàïðàâî. Ýòè ÷èñëà äåëèì íà ÷åòûðå, ê íèì
ïðèáàâëÿåì x2

i + 2xi − 1. Â èòîãå èìååì:

x 0.200|0.700|l.200|1.700|2.200|2.700|3.2000|3.7000|4.200|4.700
y -.446|0.923|3.441|5.210|8.223|11.76|15.569|20.369|25.05|29.94
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Ïî ìåòîäó íàèìåíüøèõ êâàäðàòîâ â êà÷åñòâå îöåíêè ïàðàìåòðîâ
a, b, c ïðèíèìàþòñÿ çíà÷åíèÿ a∗, b∗, c∗, äàþùèå ìèíèìóì ôóíêöèè

Θ(a, b, c) =
10∑

i=1

(yi − (c + bxi + ax2
i ))

2.

Èç íåîáõîäèìûõ óñëîâèé ìèíèìóìà ôóíêöèè Θ(a, b, c), ò.å. èç ∂Θ
∂a = 0,

∂Θ
∂b = 0, ∂Θ

∂c = 0 ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ a, b, c :




n∑
i=1

(yi − (c + bxi + ax2
i )) = 0

n∑
i=1

(yi − (c + bxi + ax2
i ))xi = 0

n∑
i=1

(yi − (c + bxi + ax2
i ))x

2
i = 0

,

êîòîðóþ ìîæíî ïåðåïèñàòü â âèäå:




cn + b
n∑

i=1
xi + a

n∑
i=1

x2
i =

n∑
i=1

yi

c
n∑

i=1
xi + b

n∑
i=1

x2
i + a

n∑
i=1

x3
i =

n∑
i=1

xiyi

c
n∑

i=1
x2

i + b
n∑

i=1
x3

i + a
n∑

i=1
x4

i =
n∑

i=1
x2

i yi

.

Ðåøåíèÿ ýòèõ óðàâíåíèé îáîçíà÷àþòñÿ a∗, b∗ è c∗. Ýòó ñèñòåìó óðàâ-
íåíèé óäîáíî çàïèñàòü â ìàòðè÷íûõ îáîçíà÷åíèÿõ. Ââåäåì ñëåäóþ-
ùèå ìàòðèöû:

β =




c
b
a


 , Y =




y1

·
·
·

y10




, X =




1 1 · · · 1
x1 x2 · · · x10

x2
1 x2

2 · · · x2
10


 =

=




1 1 · · · 1
.2 .7 · · · 4.7
.04 .49 · · · 22.09


 .
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Â çòèõ îáîçíà÷åíèÿõ ñèñòåìà äëÿ a, b, c ïðèìåò âèä: (XXT )β = XY.
Îáîçíà÷èì

S = XXT =




n
n∑

i=1
xi

n∑
i=1

x2
i

n∑
i=1

xi

n∑
i=1

x2
i

n∑
i=1

x3
i

n∑
i=1

x2
i

n∑
i=1

x3
i

n∑
i=1

xi




,

è ðàçðåøàÿ ýòî ìàòðè÷íîå óðàâíåíèå îòíîñèòåëüíî β, è ïîäñòàâëÿÿ
ñþäà ÷èñëîâûå çíà÷åíèÿ ìàòðè÷íûõ ýëåìåíòîâ, ïîëó÷èì:




c∗

b∗

a∗


 =



−0.927
2.148
0.981


 .

Çàäà÷à 15.361. Ïî âûáîðêàì íàáëþäåíèé

X -3 -2 -1 0 1 2 3
Y 6 0 -1 -1 2 5 12

òðåáóåòñÿ
à) íàéòè îöåíêè ïàðàìåòðîâ ìîäåëè = β0 + β1x + β2x

2;
á) ïðîâåðèòü çíà÷èìîñòü ìîäåëè;
â) íàéòè îöåíêè äèñïåðñèè îøèáîê íàáëþäåíèé è êîâàðèàöèîí-

íîé ìàòðèöû;
ã) îïðåäåëèòü äîâåðèòåëüíûå èíòåðâàëû äëÿ ïàðàìåòðîâ è äèñ-

ïåðñèè îøèáîê íàáëþäåíèé ïðè çàäàííîì óðîâíå çíà÷èìîñòè α (α =
0.05) . Ïðåäïîëàãàåòñÿ, ÷òî îøèáêè íàáëþäåíèé íå êîððåëèðîâàíû
è èìåþò íîðìàëüíîå ðàñïðåäåëåíèå N(0, σ2).

Ðåøåíèå. Ñ ó÷åòîì ñëó÷àéíûõ ôëóêòóàöèé ïåðåìåííîé Y ðå-
çóëüòàòû íàáëþäåíèé, ïî ïðåäïîëîæåíèþ, ÿâëÿþòñÿ ðåàëèçàöèÿìè
ñëó÷àéíûõ âåëè÷èí

Yi = β0 + β1xi + β2x
2
i + εi,

ãäå εi − ñëó÷àéíûå îøèáêè íàáëþäåíèé.
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à) Ïî ìåòîäó íàèìåíüøèõ êâàäðàòîâ ìèíèìèçèðóÿ ôóíêöèþ

Θ(β0, β1, β2) =
n∑

i=1

(yi − (β0 + β1xi + β2x
2
i ))

2, (n = 7)

ïîëó÷èì óðàâíåíèÿ äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ β0, β1 è β2. Ïîëó-
÷åíèå ðåøåíèÿ óðàâíåíèé îïèñàíî â çàäà÷å 9.18. Ðåøåíèå èìååò âèä:
β = S−1XY, ãäå èñïîëüçîâàíû îáîçíà÷åíèÿ

β =




β0

β1

β2


 , Y =




y1

y2

·
·
·
yn




, X =




1 1 · · · 1
x1 x2 · · · xn

x2
1 x2

2 · · · x2
n


 =

=




1 1 · · · 1
−3 −2 · · · 3

9 4 · · · 9


 , S = XXT .

Ïîäñòàâëÿÿ ÷èñëîâûå çíà÷åíèÿ ìàòðè÷íûõ ýëåìåíòîâ, îáîçíà÷àÿ íàé-
äåííûå çíà÷åíèÿ ïàðàìåòðîâ β∗i , ïîëó÷àåì β∗T = (β∗0 , β∗1 , β∗2) =
= (−1.333, 1.071, 1.119).

á) Ìîäåëü íàçûâàåòñÿ ñòàòèñòè÷åñêè çíà÷èìîé, åñëè îòâåðãàåòñÿ
ãèïîòåçà H0 : β1 = 0, β2 = 0.

Äëÿ ïðîâåðêè çíà÷èìîñòè ãèïîòåçû ïðèíèìàåòñÿ ñòàòèñòèêà

F =
QR/(k − 1)
Q0/(n− k)

=
QR

(k − 1)s2
,

ãäå s2 = Q0

n−k , Q0 =
n∑

i=1
(yi − (β∗0 + β∗1xi + β∗2x2

i ))
2 � îñòàòî÷íàÿ ñóììà

êâàäðàòîâ, QR = β∗T XY − nȳ2 − ñóììà êâàäðàòîâ, îáóñëîâëåííàÿ
ðåãðåññèåé.

Åñëè ãèïîòåçà H0 âåðíà, òî ñòàòèñòèêà F èìååò ðàñïðåäåëåíèå
Ôèøåðà ñ k − 1 è n − k ñòåïåíÿìè ñâîáîäû. Âû÷èñëÿÿ âåëè÷èíû,
âõîäÿùèå â ñòàòèñòèêó F, ïîëó÷èì QR = 137.33, s2 = 0.381, F =
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180.25. Åñëè F áîëüøå, ÷åì êðèòè÷åñêîå çíà÷åíèå Fα(k − 1, n − k)
ïðè çàäàííîì óðîâíå çíà÷èìîñòè α, òî ãèïîòåçà H0 îòâåðãàåòñÿ. Äëÿ
α = 0.05, n−k = 7−3 = 4, k−1 = 2 F0.05(2, 4) = 6.94 è F > F0.05(2, 4),
÷òî îçíà÷àåò, ÷òî ìîäåëü ñòàòèñòè÷åñêè çíà÷èìà.

â) Îöåíêà äèñïåðñèè îøèáîê íàáëþäåíèé ðàâíà s2 è âû÷èñëåíà
â ïóíêòå á). Îöåíêà êîâàðèàöèîííîé ìàòðèöû

K = s2S−1 = 0.381




0.381 0 −0.048
0 0.036 0
−0.048 0 0.012


 =

=




0.127 0 −0.018
0 0.014 0
−0.018 0 0.005


 .

Äèàãîíàëüíûå ýëåìåíòû ýòîé ìàòðèöû äàþò îöåíêè äèñïåðñèè ïà-
ðàìåòðîâ β∗0 , β∗1 è β∗2 .

ã) Äîâåðèòåëüíûé èíòåðâàë äëÿ βi îïðåäåëÿåòñÿ âûðàæåíèåì (β∗i−
τα

√
Kii, β

∗
i + τα

√
Kii), ãäå Kii − äèàãîíàëüíûå ýëåìåíòû êîâàðèàöè-

îííîé ìàòðèöû, τα − êâàíòèëü ðàñïðåäåëåíèÿ Ñòüþäåíòà ñ n−k ñòå-
ïåíÿìè ñâîáîäû è óðîâíåì çíà÷èìîñòè α. Äëÿ α = 0.05 τα(4) = 2.132
è äîâåðèòåëüíûå èíòåðâàëû äëÿ β0, β1 è β2 ñîîòâåòñòâåííî ðàâíû
(−2.04,−0.57); (0.82, 1.32) è (0.97, 1.26).

Äîâåðèòåëüíûé èíòåðâàë äèñïåðñèè îøèáîê íàáëþäåíèÿ ñîãëàñ-
íî êðèòåðèþ χ2 ñ n−k ñòåïåíÿìè ñâîáîäû îïðåäåëÿåòñÿ âûðàæåíèåì

(n− k)s2

χ2
α(n− k)

< σ2 <
(n− k)s2

χ2
1−α(n− k)

è ïðè χ2
0.95 = 9.49 è χ2

0.05 = 0.711 ðàâåí (0.161, 2.134).

Çàäà÷è äîìàøíåãî çàäàíèÿ.

Çàäà÷à 9.17. Â ñëó÷àå ïðîèçâîëüíûõ a1, a2, ..., ar íàéòè MQ1 è

MQ2, ãäå Q1 =
r∑

i=1
ni(x̄i − x̄)2, Q2 =

r∑
i=1

ni∑
j=1

(xij − x̄·)2, x̄i =

niP
k=1

xik

ni
,

x̄ = 1
n

r∑
i=1

nr∑
j=1

xij , xij ∼ N(ai, σ
2).
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Çàäà÷à 9.19. Çàìåíèòü â çàäà÷å 9.18 ðåàëèçàöèþ δ1, ..., δ10 íà
ðåàëèçàöèþ ýòèõ âåëè÷èí, ñîîòâåòñòâóþùóþ ðàâíîìåðíîìó ðàñïðå-
äåëåíèþ ñ Mδi = 0, Dδi = 0.06. Âûïîëíèòü äëÿ íîâîé ðåàëèçàöèè
çàäàíèå çàäà÷è 9.18.

Çàäà÷à 15.362. Ïîâòîðèòü çàäàíèå çàäà÷è 15.361 ïî îòíîøåíèþ
ê âûáîðêå

X -2 -1 0 1 2
Y 3 0 3 6 9 , α = 0.05
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4 ÝËÅÌÅÍÒÛ ÒÅÎÐÈÈ ÑËÓ×ÀÉÍÛÕ
ÏÐÎÖÅÑÑÎÂ

4.1 Öåïè Ìàðêîâà
Ïóñòü äàíà ñîâîêóïíîñòü ñëó÷àéíûõ âåëè÷èí ξt , ãäå t = 0, 1, 2, ...,
( t èñòîëêîâûâàåòñÿ êàê âðåìÿ). Çíà÷åíèÿ ξt ïðåäïîëàãàþòñÿ ïðèíàä-
ëåæàùèìè ìíîæåñòâó öåëûõ ÷èñåë ℵ = {1, 2, ..., N} è èíòåðïðåòèðó-
þòñÿ êàê íîìåðà ñîñòîÿíèé íåêîòîðîé ñèñòåìû. Ïîñëåäîâàòåëüíîñòü
ñëó÷àéíûõ âåëè÷èí íàçûâàåòñÿ öåïüþ Ìàðêîâà, åñëè äëÿ ëþáûõ

1) 0 ≤ t1 < t2 < · · · < tn < s < t,
2) i, j ∈ ℵ,
3) B1, ..., Bn ⊂ ℵ

èìååò ìåñòî

P (ξt = j|ξ1 ∈ B1, ..., ξn ∈ Bn, ξs = i) = P (ξt = i|ξs = i).

Êîðîòêî öåïü Ìàðêîâà ìîæíî îõàðàêòåðèçîâàòü òàê: áóäóùåå ïðè
çàäàííîì íàñòîÿùåì îò ïðîøëîãî íå çàâèñèò. Âåëè÷èíû

pij |t(1) = P (ξt+1 = j|ξt = i)

ïðåäñòàâëÿþò âåðîÿòíîñòè ïåðåõîäà çà îäèí øàã â ìîìåíò t. Åñëè
pij |t(1) = const, òî öåïü Ìàðêîâà íàçûâàåòñÿ îäíîðîäíîé. Ìû áóäåì
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ðàññìàòðèâàòü òîëüêî îäíîðîäíûå öåïè Ìàðêîâà. Ìàòðèöà

P = (pij) =




p11 · · · p1N

p21 · · · p2N

· · · · ·
· · · · ·
· · · · ·
pN1 · · · pNN




,
N∑

j=1

pij = 1,

íàçûâàåòñÿ ìàòðèöåé âåðîÿòíîñòåé ïåðåõîäà. Ñîñ÷èòàåì pij |t(2) =
P (ξt+2 = j|ξt = i) :

P (ξt+2 = j|ξt = i) =

=
N∑

k=1

P (ξt+1 = k|ξt = i)P (ξt+2 = j|ξt = i, ξt+1 = k) =

=
N∑

k=1

P (ξt+1 = k|ξt = i)P (ξt+2 = j|ξt+1 = k) =
N∑

k=1

pikpkj = (P 2)ij .

Àíàëîãè÷íî pij |t(s) = P (ξt+s = j|ξt = i) = (P s)ij , ïîýòîìó, åñëè ââå-
ñòè âåêòîð íà÷àëüíûõ âåðîÿòíîñòåé q = (q1, q2, ..., qN ), qi = P (ξ0 = i),
òî

P (ξt = i) =
N∑

k=1

P (ξ0 = k)P (ξt = i|ξ0 = k) =
N∑

k=1

qkpki = (qP t)i.

Òåîðåìà. Ïóñòü ∃ s , òàêîå, ÷òî ó P s âñå ýëåìåíòû áîëüøå
íóëÿ, òîãäà

lim
t→∞P t =




q∗1 · · · q∗N
· · · · ·
· · · · ·
· · · · ·
q∗1 · · · q∗N




,

ãäå q∗ = (q∗1, q
∗
2, ..., q

∗
N ) � òàê íàçûâàåìûé âåêòîð ñòàöèîíàðíûõ ñî-

ñòîÿíèé. Âåêòîð ñòàöèîíàðíûõ ñîñòîÿíèé îïðåäåëÿåòñÿ ñëåäóþùè-
ìè óñëîâèÿìè: q∗P = q∗,

N∑
i=1

q∗i = 1, q∗i ≥ 0. Òåîðåìó ïðèìåì áåç
äîêàçàòåëüñòâà.
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Ñëåäñòâèå: Ïðè ëþáîì âåêòîðå q íà÷àëüíûõ âåðîÿòíîñòåé

lim
t→ (qP t) = q∗.

Ñëåäñòâèå èíòåðïðåòèðóåòñÿ òàê: åñëè öåïü Ìàðêîâà äîïóñêàåò âåê-
òîð ñòàöèîíàðíûõ ñîñòîÿíèé, òî íåçàâèñèìî îò íà÷àëüíîãî ðàñïðå-
äåëåíèÿ âåðîÿòíîñòåé ñèñòåìà â áåñêîíå÷íîñòè ïðèõîäèò ê ñòàöèî-
íàðíîìó ñîñòîÿíèþ.

Çàäà÷à î ñëó÷àéíîì áëóæäàíèè. Ïóñòü íà ïðÿìîé ðàññìàò-
ðèâàþòñÿ òî÷êè ñ öåëî÷èñëåííûìè êîîðäèíàòàìè 0, 1, ..., n. Ïðåäïî-
ëàãàåì, ÷òî ìàòåðèàëüíàÿ òî÷êà ìîæåò äâèãàòüñÿ ïî ýòèì òî÷êàì
íà ïðÿìîé, è ñëó÷àéíàÿ âåëè÷èíà ξt îïèñûâàåò ïîëîæåíèå ìàòåðè-
àëüíîé òî÷êè íà ïðÿìîé â ìîìåíò âðåìåíè t . Â ñëåäóþùèé ìîìåíò
âðåìåíè ÷àñòèöà ìîæåò ïåðåéòè íà ñîñåäíèå òî÷êè ñ âåðîÿòíîñòÿìè:
P (ξt+1 = ξt + 1) = p, P (ξt+1 = ξt − 1) = q, ξt 6= 0, n; åñëè ξt = 0 èëè
ξt = n, òî ξt+1 = ξt (äâèæåíèå ÷àñòèöû ìåæäó ïîãëîùàþùèìè ñòåí-
êàìè). Çàäà÷ó î ñëó÷àéíîì áëóæäàíèè ÷àñòèöû ìîæíî èíòåðïðåòè-
ðîâàòü è êàê çàäà÷ó î ðàçîðåíèè èãðîêà. Ïóñòü n � ñóììà äåíåã ó
äâóõ èãðîêîâ, à ξt � ÷èñëî äåíåã ó ïåðâîãî èãðîêà. Ïóñòü ïðîâîäÿò-
ñÿ íåçàâèñèìûå èñïûòàíèÿ, â êîòîðûõ ñîáûòèå ìîæåò ïðîèçîéòè
ñ âåðîÿòíîñòüþ , òîãäà, åñëè âûïàëî ñîáûòèå , òî ïåðâûé èãðîê îò
âòîðîãî ïîëó÷àåò ðóáëü, åñëè íå ïðîèñõîäèò, òî íàîáîðîò. Ââåäåì
πk(t) = P (ξt = n|ξ0 = k). Òîãäà

πk(t + 1) = P (ξt+1 = n|ξ0 = k) =

= P (ξ1 = k − 1|ξ0 = k)P (ξt+1 = n|ξ1 = k − 1)+

+P (ξ1 = k + 1|ξ0 = k)P (ξt+1 = n|ξ0 = k + 1) =

= πk−1(t) · q + πk+1(t) · p.

Ïðåäïîëàãàÿ, ÷òî t →∞, è îáîçíà÷àÿ lim
t→∞πk(t) = πk, ïîëó÷àåì

πk = qπk−1 + pπk+1.

Î÷åâèäíî π0 = 0, πn = 1. Áóäåì èñêàòü ðåøåíèÿ πk â âèäå πk = λk.
Ïîëó÷àåì óðàâíåíèå

λk = qλk−1 + pλk+1 èëè pλ2 − λ + q = 0,
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îòêóäà
λ =

1±√1− 4pq

2p
=

1± (p− q)
2p

.

Êîðíè λ1 = 1, λ2 = q/p, çíà÷èò

πk = C1λ
k
1 + C2λ

k
2 = C1 + C2(

q

p
)k.

Ãðàíè÷íûå óñëîâèÿ ïðèâîäÿò ê óðàâíåíèÿì

C1 + C2 = 0, C1 + C2(
q

p
)n = 1.

Îòêóäà

C2 = −C1, C1 =
1

1− (q/p)2
è πk =

1− (q/p)k

1− (q/p)n
.

Åñëè p → q, òî πk → k/n.

4.1.1 12-îå ïðàêòè÷åñêîå çàíÿòèå. Öåïè Ìàðêîâà
Çàäà÷à 8.1. Ìàòðèöà âåðîÿòíîñòåé ïåðåõîäà öåïè Ìàðêîâà èìååò

âèä:

P =




.1 .5 .4

.6 .2 .2

.3 .4 .3




(òî÷êà ïåðåä ÷èñëîì îçíà÷àåò íóëåâóþ öåëóþ ÷àñòü: .7 =0.7). Ðàñ-
ïðåäåëåíèå ïî ñîñòîÿíèÿì â ìîìåíò t = 0 îïðåäåëÿåòñÿ âåêòîðîì
q = (.7, .2, .1). Íàéòè: 1) ðàñïðåäåëåíèå ïî ñîñòîÿíèÿì â ìîìåíò t = 2;
2) âåðîÿòíîñòü òîãî, ÷òî â ìîìåíòû t = 0, 1, 2, 3 ñîñòîÿíèÿìè öåïè áó-
äóò ñîîòâåòñòâåííî 1,3,3,2; 3) ñòàöèîíàðíîå ðàñïðåäåëåíèå.

Ðåøåíèå.

1) P =




.1 .5 .4

.6 .2 .2

.3 .4 .3


 , P 2 = 1

100




43 31 26
24 42 34
36 35 29


 ,

(.7, .2, .1) · P 2 =
1

1000
(385, 336, 279).
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2) P (ξ0 = 1, ξ1 = 3, ξ2 = 3, ξ3 = 2) = .7 · .4 · .3 · .4 = 336
10000 .

3)

{
(q1, q2, q3)P = (q1, q2, q3)
q1 + q2 + q3 = 1

→




q1 + 6q2 + 3q3 = 10q1

5q1 + 2q2 + 4q3 = 10q2

q1 + q2 + q3 = 1
→





q1 = 16/47
q2 = 17/47
q3 = 14/47

.

Çàäà÷à 8.4. Ïóñòü ξt, t = 1, 2, ..., � íåçàâèñèìûå îäèíàêîâî ðàñ-
ïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû. P (ξt = 1) = p, P (ξt = −1) =
1 − p. ßâëÿþòñÿ ëè öåïüþ Ìàðêîâà âåëè÷èíû: à) ηt = ξtξt+1; á)
ηt = ξ1ξ2 · · · ξt; â) ηt = ϕ(ξt, ξt+1), ãäå ϕ(−1,−1) = 1, ϕ(−1, 1) = 2,
ϕ(1,−1) = 3, ϕ(1, 1) = 4? Äëÿ öåïåé Ìàðêîâà íàéòè ìàòðèöû âåðî-
ÿòíîñòåé ïåðåõîäà çà îäèí øàã.

Ðåøåíèå.
à) Ðàññìîòðèì äâå ÷àñòíûå óñëîâíûå âåðîÿòíîñòè.

P (ηt+1 = 1|ηt−1 = ηt = 1) =
P (ηt−1 = ηt = ηt+1 = 1)

P (ηt−1 = ηt = 1)
=

=
P (ξt−1 = ξt = ξt+1 = ξt+2 = ±1)

P (ξt−1 = ξt = ξt+1 = ±1)
=

p4 + q4

p2 + q2
,

P (ηt+1 = 1|ηt = 1) =
p3 + q3

p2 + q2
.

Èç ðàâåíñòâà äâóõ óñëîâíûõ âåðîÿòíîñòåé ñëåäóåò, ÷òî p=q=0.5. Íî
åñëè p = q, òî äëÿ ëþáûõ ε1, ε2, ε3, ðàâíûõ ±1, èìååì:

P (ηt+1 = ε1|ηt−1 = ε2, ηt = ε3) = P (ηt+1 = ε1|ηt = ε3).

ò.å. ηt îáðàçóþò öåïü Ìàðêîâà.

P (ηt+1 = 1|ηt = 1) = 0.5, P (ηt+1 = −1|ηt = −1) =
p2q + pq2

2pq
= 0.5,
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P =
[

0.5 0.5
0.5 0.5

]
.

á)
P (ηt+2 = k|ηt = i, ηt+1 = j) =

= P (ηt = i, ηt+1 = j, ηt+2 = k)/P (ηt = i, ηt+1 = j) =

P (ηt = i, ξt+1 = j/i, ξt+2 = k/j)/P (ηt = i, ξt+1 = j/i) =

= P (ξt+2 = k/j) = P (ηt+2 = k|ηt+1 = j).

Öåïü Ìàðêîâà.
â) Òàê êàê ϕ − ôóíêöèÿ äâóõ ïåðåìåííûõ, òî ϕ−1 − äâóõêîìïî-

íåíòíàÿ ôóíêöèÿ: ϕ−1 = (ϕ−1
1 , ϕ−1

2 ) :

P (ηt+2 = k|ηt = i, ηt+1 = j) =

= P (ηt = i, ηt+1 = j, ηt+2 = k)/P (ηt = i, ηt+1 = j) =

= P (ξt = ϕ−1
1 (i), ξt+1 = ϕ−1

2 (i), ξt+1 = ϕ−1
1 (j), ξt+2 = ϕ−1

2 (j),

ξt+2 = ϕ−1
1 (k), ξt+3 = ϕ−1

2 (k))/

P (ξt = ϕ−1
1 (i), ξt+1 = ϕ−1

2 (i), ξt+1 = ϕ−1
1 (j), ξt+2 = ϕ−1

2 (j)) =

= δϕ−1
2 (j),ϕ−1

1 (j)δϕ−1
2 (j),ϕ−1

1 (k)P (ξt+3 = ϕ−1
2 (k)) = P (ηt+2 = k|ηt+1 = j),

ãäå δm,n − ñèìâîë Êðîíåêåðà.

p11 = P (ηt+1 = 1/ηt = 1) = δϕ−1
2 (1),ϕ−1

1 (1)P (ξt+1 = ϕ−1
1 (1)) = q, è ò.ä.

P =




q p 0 0
0 0 q p
q p 0 0
0 0 q p


 .

Çàäà÷à 8.6. Â N ÿ÷åéêàõ ïîñëåäîâàòåëüíî íåçàâèñèìî äðóã îò
äðóãà ðàâíîâåðîÿòíî ðàçìåùàþò ÷àñòèöû. Ïóñòü µ0(n) � ÷èñëî ÿ÷å-
åê, îñòàâøèõñÿ ïóñòûìè ïîñëå ðàçìåùåíèÿ n ÷àñòèö. Ïîêàçàòü, ÷òî
ïîñëåäîâàòåëüíîñòü µ0(n), n = 0, 1, 2, ... ÿâëÿåòñÿ öåïüþ Ìàðêîâà.
Íàéòè âåðîÿòíîñòè ïåðåõîäà.
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Ðåøåíèå. ßâëÿåòñÿ, òàê êàê ñëó÷àéíàÿ âåëè÷èíà µ0(n) îïèñûâà-
åò òîëüêî ÷èñëî ïóñòûõ ÿ÷ååê, íî íå èñòîðèþ çàïîëíåíèÿ ýòèõ ÿ÷ååê.
Ïóñòü pi,j = P (µ0(n + 1) = j|µ0(n) = i).

pi,j = 0, åñëè j < i − 1, òàê êàê ïðè äîáàâëåíèè îäíîé ÷àñòèöû
÷èñëî ïóñòûõ ÿ÷ååê ìîæåò óìåíüøèòüñÿ òîëüêî íà åäèíèöó.

pi,j = 1/N, åñëè j = i− 1. ×àñòèöà ïîïàëà â ïóñòóþ ÿ÷åéêó.
pi,j = (N − i)/N, åñëè j = i. ×àñòèöà ïîïàëà â çàíÿòóþ ÿ÷åéêó.
pi,j = 0, åñëè j > i. Ïðè ïîÿâëåíèè íîâîé ÷àñòèöû ÷èñëî ïóñòûõ

ÿ÷ååê íå óâåëè÷èâàåòñÿ .
Çàäà÷à 8.8. Èãðàëüíàÿ êîñòü âñå âðåìÿ ïåðåêëàäûâàåòñÿ ñëó-

÷àéíûõ îáðàçîì ñ îäíîé ãðàíè ðàâíîâåðîÿòíî íà ëþáóþ èç ÷åòû-
ðåõ ñîñåäíèõ ãðàíåé íåçàâèñèìî îò ïðåäûäóùåãî. Ê êàêîìó ïðåäåëó
ñòðåìèòñÿ ïðè t →∞ âåðîÿòíîñòü òîãî, ÷òî â ìîìåíò âðåìåíè t êîñòü
ëåæèò íà ãðàíè �6�, åñëè â ìîìåíò t = 0 îíà íàõîäèëàñü â ýòîì æå
ïîëîæåíèè (t = 0, 1, 2, ...)?

Ðåøåíèå. Ïîïàðíî ïðîòèâîïîëîæíûå ãðàíè îáîçíà÷èì ÷èñëàìè
1, 2; 3,4; 5,6, êîòîðûå ìîæíî ñ÷èòàòü íîìåðàìè ñîñòîÿíèé. Òîãäà

P =
1
4




0 0 1 1 1 1
0 0 1 1 1 1
1 1 0 0 1 1
1 1 0 0 1 1
1 1 1 1 0 0
1 1 1 1 0 0




, qP = q → q =
1
6
(1, 1, 1, 1, 1, 1).

Çàäà÷à 8.11. Ìàòðèöà âåðîÿòíîñòåé ïåðåõîäà P = (pij) öåïè
Ìàðêîâà ξt îïðåäåëÿåòñÿ ôîðìóëàìè p11 = 1 − α, p12 = α, p21 = β,
p22 = 1− β. Äîêàçàòü, ÷òî

[
p11(t) p12(t)
p21(t) p22(t)

]
=

1
α + β

[
β α
β α

]
+

(1− α− β)t

α + β

[
α −α

−β β

]
.

Íàéòè ñòàöèîíàðíûå âåðîÿòíîñòè.
Ðåøåíèå. Ïðèìåíÿåì ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè:

1) P (1) =
1

α + β

[
β α
β α

]
+

1− α− β

α + β

[ −α α
β −β

]
,
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2) P (t+1) = P (t)P =
(

1
α + β

[
β α
β α

]
+

(1− α− β)t

α + β

[
α −α

−β β

])
·

·
(

1
α + β

[
β α
β α

]
+

1− α− β

α + β

[ −α α
β −β

])
=

=
1

α + β

[
β α
β α

]
+

(1− α− β)t+1

α + β

[
α −α

−β β

]
.

Òàê êàê 0 < α < 1, 0 < β < 1, òî −1 < 1 − α − β < 1, çíà÷èò
(1− α− β)t → 0 ïðè t →∞, ïîýòîìó

P (t) → 1
α + β

[
β α
β α

]
.

Çàäà÷è äîìàøíåãî çàäàíèÿ.

Çàäà÷à 8.2. Ïóñòü ξt, t = 0, 1, 2, ..., � öåïü Ìàðêîâà ñ ìàòðè-
öåé âåðîÿòíîñòåé ïåðåõîäà P = (pij) è íà÷àëüíûì ðàñïðåäåëåíèåì
ïî ñîñòîÿíèÿì q = (q1, ..., qN ). Âû÷èñëèòü ñëåäóþùèå âåðîÿòíîñòè
P (ξs = i), P (ξs = i, ξt+s = j).

Îòâåò: P (ξs = i) =
∑

i0,...,is−1

qi0pi0i1 · · · pis−1i,

P (ξs = i, ξt+s = j) = P (ξs = i)
∑

i1,...,it−1

pii1 · · · pit−1j .

Çàäà÷à 8.3. (Ïðîäîëæåíèå çàäà÷è 8.2). Äîêàçàòü, ÷òî

P (ξt+s = j|ξs = i) = P (ξt = j|ξ0 = i).

Çàäà÷à 8.7. Ïóñòü η1, η2, ... � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ
îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí è f(x, y) � ôóíêöèÿ,
ïðèíèìàþùàÿ çíà÷åíèÿ â ìíîæåñòâå {1, ..., N}; x = 1, 2, ..., N, ìíî-
æåñòâî çíà÷åíèé y ñîâïàäàåò ñ ìíîæåñòâîì çíà÷åíèé η1. ßâëÿåòñÿ
ëè ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí

ξ0(P (ξ0 = k) = p
(0)
k ), k = 0, 1, 2, ..., N,

ξt+1 = f(ξt, ηt+1), t = 0, 1, 2, ...,

öåïüþ Ìàðêîâà.
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Îòâåò: ÿâëÿåòñÿ.
Çàäà÷à 8.9. Ïî äâóì óðíàì ðàçëîæåíî N ÷åðíûõ è N áåëûõ øà-

ðîâ òàê, ÷òî êàæäàÿ óðíà ñîäåðæèò N øàðîâ. ×èñëî ÷åðíûõ øàðîâ â
ïåðâîé óðíå îïðåäåëÿåò ñîñòîÿíèå ñèñòåìû. Â êàæäûé ìîìåíò âðå-
ìåíè âûáèðàþò ñëó÷àéíî ïî îäíîìó øàðó èç óðí è âûáðàííûå øàðû
ìåíÿþò ìåñòàìè. Íàéòè âåðîÿòíîñòè ïåðåõîäà è ïîêàçàòü, ÷òî ñòà-
öèîíàðíûå âåðîÿòíîñòè q∗k = Ck

NCN−k
N /CN

2N , k = 1, ..., N.
Çàäà÷à 8.12. Äëÿ öåïè Ìàðêîâà, îïðåäåëåííîé â çàäà÷å 8.11,

îáîçíà÷èì τt ÷èñëî ïîïàäàíèé â ñîñòîÿíèå 1 çà âðåìÿ t. Äîêàçàòü,
÷òî

lim
t→∞P

(∣∣∣∣
τt

t
− β

β + α

∣∣∣∣ < ε

)
= 1 ïðè ëþáîì ε > 0.

4.2 Ñëó÷àéíûå ïðîöåññû
Îïðåäåëåíèå. Ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè. Ñëó-
÷àéíûì ïðîöåññîì íàçûâàåòñÿ ñîâîêóïíîñòü ñëó÷àéíûõ âåëè÷èí ξt,
ãäå t = 0, 1, 2, ... (ñëó÷àéíûé ïðîöåññ ñ äèñêðåòíûì âðåìåíåì) èëè
t ∈ [0, T ] (ñëó÷àéíûé ïðîöåññ ñ íåïðåðûâíûì âðåìåíåì). Ïðè ôèê-
ñèðîâàííîì ω ξt(ω) êàê ôóíêöèÿ îò t íàçûâàåòñÿ òðàåêòîðèåé ïðî-
öåññà. Ñëó÷àéíûé ïðîöåññ ξt íàçûâàåòñÿ ïðîöåññîì ñ íåçàâèñèìûìè
ïðèðàùåíèÿìè, åñëè äëÿ ∀t1 < t2 < · · · < tn ñëó÷àéíûå âåëè÷èíû
ξt1 , ξt2 − ξt1 , ..., ξtn − ξtn−1 íåçàâèñèìû.

4.2.1 Ïóàññîíîâñêèé è âèíåðîâñêèé ïðîöåññû
Ñëó÷àéíûé ïðîöåññ ξt ñ íåïðåðûâíûì âðåìåíåì íàçûâàåòñÿ ïóàññî-
íîâñêèì, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) ξt � ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè;
2) äëÿ ∀s, t1, t2 ñëó÷àéíûå âåëè÷èíû ξt2 − ξt1 , ξt2+s − ξt1+s îäèíà-

êîâî ðàñïðåäåëåíû (îäíîðîäíîñòü);
3) ξ0 = 0;
4) ïðè h → 0 èìååò ìåñòî





P (ξh = 0) = 1− λh + o(h),
P (ξh = 1) = λh + o(h),
P (ξh ≥ 2) = o(h).
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Ïðè ðàáîòå ñî ñëó÷àéíûìè âåëè÷èíàìè ξ ñ öåëî÷èñëåííûìè íåîò-
ðèöàòåëüíûìè çíà÷åíèÿìè ïîëåçíà òàê íàçûâàåìàÿ ïðîèçâîäÿùàÿ
ôóíêöèÿ ϕξ(x) = Mxξ. Äëÿ ðàñïðåäåëåíèÿ Ïóàññîíà ñ P (ξ = k) =
λk

k! e
−λ èìååì

ϕξ(x) =
∞∑

k=0

xk λk

k!
e−λ =

∞∑

k=0

(xλ)k

k!
e−λ = eλ(x−1).

Ïóñòü ϕt(x) = Mxξt . Î÷åâèäíî, ÷òî ϕ0 = 1. Äàëåå èìååì

ϕt+h(x) = Mxξt+h = Mxξt+(ξt+h−ξt) = MxξtMxξt+h−ξt = ϕtMxξh =

= ϕt(x0(1− λh + o(h)) + x1(λh + o(h)) + · · · ) =

= ϕt(1 + λh(x− 1) + o(h)).

Îòñþäà
ϕt+h − ϕt

h
= ϕtλ(x− 1) +

o(h)
h

,

ïîýòîìó ∂
∂t(ϕt) = λ(x− 1)ϕt. Ðåøàÿ ýòî óðàâíåíèå, íàõîäèì ϕt(x) =

Ceλ(x−1)t, ãäå = 1, òàê êàê ϕ0 = 1. Òàêèì îáðàçîì P (ξt = k) =
(λt)k

k! e−λt, òî åñòü ξt ïîä÷èíåíà ðàñïðåäåëåíèþ Ïóàññîíà ñ ïàðàìåòðîì
λt.

Ðàññìîòðèì ñëó÷àéíóþ âåëè÷èíó ξt+h − ξt, êîòîðàÿ ââèäó îäíî-
ðîäíîñòè ïðîöåññà ðàñïðåäåëåíà êàê ξh − ξ0 = ξh, ïîýòîìó ξt+h ðàñ-
ïðåäåëåíà êàê ξt+ξh, ó ξh íàèáîëåå âåðîÿòíîå çíà÷åíèå 0, ñëåäóþùåå
ïî âåðîÿòíîñòè çíà÷åíèå 1. Çíà÷èò, ξt(ω) ñ ðîñòîì t ìîæåò óâåëè÷èòü-
ñÿ, óâåëè÷èòüñÿ ëèøü íà 1, òî åñòü òåðïåòü ñêà÷îê. Ïîýòîìó ξt(ω) åñòü
÷èñëî ñêà÷êîâ òðàåêòîðèè çà âðåìÿ [0, t]. Ââåäåì ñëó÷àéíóþ âåëè÷è-
íó Θk = Θk(ω) � ìîìåíò k � ãî ñêà÷êà òðàåêòîðèè ïðîöåññà. Òîãäà
τk = Θk−Θk−1 � ïðîìåæóòîê âðåìåíè ìåæäó äâóìÿ ïîñëåäîâàòåëü-
íûìè ñêà÷êàìè.

Òåîðåìà. Ñëó÷àéíûå âåëè÷èíû τ1, τ2, ..., τn ïðè ëþáûõ n íåçàâè-
ñèìû, êàæäàÿ èç íèõ èìååò ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðà-
ìåòðîì λ.
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Äîêàçàòåëüñòâî. Âîçüìåì ïîñëåäîâàòåëüíîñòü ìîìåíòîâ 0 =
t0 < t1 < · · · < tn è ïîëîæèì ∆k = [tk, tk + hk], hk > 0, k = 1, ..., n,
ãäå hk òàêèå, ÷òî ∆k íå ïåðåñåêàþòñÿ.

-` ` `̀ ` ` ` ` `
t1 t1 + h1 tk tk + hk

[ ] [ ]

∆1 ∆k

Òîãäà ìîæíî ïðîâåñòè ñëåäóþùèå âû÷èñëåíèÿ

P (Θ1 ∈ ∆1, Θ2 ∈ ∆2, ...,Θn ∈ ∆n) =

= P

( n⋂

k=1

{
(ξtk − ξtk−1

= 0) ∩ (ξtk+hk
− ξtk = 1)

})
=

n∏

k=1

e−λ(tk−tk−1)·

·λhke
−λhk = h1 · · ·hnλne−(t1−t0+t2−t1+···+tn−tn−1+h1+···+hn) =

= λnh1 · · ·hne−λtne−λ(h1+···+hn) =
∫
· · ·

∫

∆1×···×∆n

pΘ1....Θn(t1, ..., tn)dt1 · · · dtn,

îòêóäà ñëåäóåò, ÷òî pΘ1....Θn(t1, ..., tn) = λne−λtn . Òåïåðü íàéäåì ðàñ-
ïðåäåëåíèå ñëó÷àéíûõ âåëè÷èí τk = Θk−Θk−1 . Äëÿ ýòîãî âû÷èñëèì
èõ ñîâìåñòíóþ ôóíêöèþ ðàñïðåäåëåíèÿ:

Fτ1,τ2,...,τn(s1, s2, ..., sn) = P (τ1 < s1, τ2 < s2, ..., τn < sn) =

= P (Θ1 < s1, Θ2 −Θ1 < s2, ..., Θn −Θn−1 < sn) =

=

s1∫

−∞
du1

s2+u1∫

−∞
du2 · · ·

sn+un−1∫

−∞
dunλne−λun ,

îòêóäà, äëÿ ñîâìåñòíîé ïëîòíîñòè âåðîÿòíîñòè ïîëó÷àåì

pτ1,τ2,...,τn(s1, s2, ..., sn) =
∂n

∂s1 · · · ∂sn
Fτ1,τ2,...,τn(s1, s2, ..., sn) =
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=
∂n−1

∂s2 · · · ∂sn

s2+s1∫

−∞
du2 · · ·

sn+un−1∫

−∞
dunλne−λun =

= λne−λ(s1+···+sn) =
n∏

k=1

pτk
(sk),

ãäå pτk
(sk) = λe−λsk . Òåîðåìà äîêàçàíà.

Èíòåðïðåòàöèÿ ïóàññîíîâñêîãî ïðîöåññà ñ ïîìîùüþ ìî-
äåëè ðàäèîàêòèâíîãî ðàñïàäà. Êàê èçâåñòíî, àòîì ðàäèÿ ìîæåò
ñàìîïðîèçâîëüíî ðàñïàñòüñÿ íà àòîì ðàäîíà è àëüôà- ÷àñòèöó. Ïóñòü
èìååòñÿ áåñêîíå÷íîå ÷èñëî àòîìîâ ðàäèÿ. Â íà÷àëüíûé ìîìåíò ñè-
ñòåìà íàõîäèòñÿ â ñîñòîÿíèè ξ0 = 0, â êîòîðîì íåò àëüôà-÷àñòèö. Â
ýòîì ñîñòîÿíèè ñèñòåìà íàõîäèòñÿ ñëó÷àéíîå âðåìÿ τ1. Çàòåì ïðîèñ-
õîäèò îäèí ðàñïàä, ñèñòåìà ïåðåõîäèò â ñîñòîÿíèå ξΘ1 = 1 (Θ1 = τ1),
â êîòîðîì íàõîäèòñÿ ñëó÷àéíîå âðåìÿ τ2, çàòåì ïåðåõîäèò â ñîñòîÿ-
íèå ξΘ2 = 2 (Θ2 = τ1 + τ2) è ò.ä. Åñëè T0 − ïåðèîä ïîëóðàñïàäà, ò.å.
e−λT0 = 1

2 , òî λ = ln 2/T0.
Âèíåðîâñêèé ïðîöåññ. Ïî îïðåäåëåíèþ, ξt åñòü âèíåðîâñêèé

ïðîöåññ, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) ξt åñòü ñëó÷àéíûé ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè;
2) ξt åñòü îäíîðîäíûé ñëó÷àéíûé ïðîöåññ;
3) ξ0 = 0;
4) ïðè h → 0 èìååò ìåñòî





Mξh = ah + o(h),
Mξ2

h = bh + o(h),
Mξ3

h = o(h).

Òàê æå, êàê â ñëó÷àå ïóàññîíîâñêîãî ïðîöåññà, ìîæíî ïîêàçàòü, íî
óæå ïðèìåíÿÿ àïïàðàò õàðàêòåðèñòè÷åñêèõ ôóíêöèé, ÷òî ξt ïîä÷è-
íÿåòñÿ íîðìàëüíîìó ðàñïðåäåëåíèþ ñ ïàðàìåòðàìè (at, bt).

4.2.2 Âåòâÿùèéñÿ ïðîöåññ ñ äèñêðåòíûì âðåìåíåì
Ïóñòü äàíî ìíîæåñòâî íåçàâèñèìûõ, îäèíàêîâî ðàñïðåäåëåííûõ ñëó-
÷àéíûõ âåëè÷èí ξk(t) ñ öåëî÷èñëåííûìè çíà÷åíèÿìè, äëÿ êîòîðûõ
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k = 1, 2, ..., t = 0, 1, 2, ... Ñëó÷àéíàÿ âåëè÷èíà ξk(t) èíòåðïðåòèðóåòñÿ
êàê ñëó÷àéíîå ÷èñëî ïîòîìêîâ ÷àñòèöû ñ íîìåðîì k, ñóùåñòâîâàâ-
øåé â ìîìåíò t. Ïóñòü â íà÷àëüíûé ìîìåíò èìååòñÿ îäíà ÷àñòèöà:
µ0 = 1, òîãäà ÷èñëî ÷àñòèö â ñëåäóþùèé ìîìåíò âðåìåíè ðàâíî:
µ1 = ξt(0). Äëÿ ïîñëåäóþùèõ ìîìåíòîâ èìååì

µ2 =
{

0, µ1 = 0,
ξ1(1) + ξ2(1) + · · ·+ ξµ1(1), µ1 6= 0

è
µt+1 =

{
0, µt = 0,
ξ1(t) + ξ2(t) + · · ·+ ξµt(t), µt 6= 0

.

Âû÷èñëèì At = Mµt − ñðåäíåå ÷èñëî ÷àñòèö â ìîìåíò t. Äëÿ ýòîãî
ðàññìîòðèì ïðîèçâîäÿùèå ôóíêöèè Φt = Mxµt è ϕ(x) = Mxξk(t) =
∞∑

m=0
xmpm, ãäå pm = P (ξk(t) = m). Ïîëîæèì a = ϕ′(x)|x=1 =

∑
mpm =

Mξk(t). Î÷åâèäíî, ÷òî Φ1 = Mξµ1 = Mxξ1(0) = ϕ(x), äàëåå ðàññìàò-
ðèâàåì

Φt+1 = Mxµt+1 =
∞∑

m=0

xmP (µt+1 = m) =

=
∞∑

m=0

xm
∞∑

k=0

P (µt = k)P (ξ1 + · · ·+ ξk = m) =

=
∞∑

k=0

P (µt = k)
∞∑

m=0

xmP (ξ1 + · · ·+ ξk = m) =
∞∑

k=0

P (µt = k)·

·Mxξ1+···+ξk ==
∞∑

k=0

P (µt = k)ϕ(x)k = Φt(ϕ(x)),

Íàéäåííóþ ñâÿçü ìåæäó Φt+1, Φt è ϕ èñïîëüçóåì äëÿ âû÷èñëåíèÿ
At = Mµt = (Φt)′x|x=1 ñëåäóþùèì îáðàçîì:

At+1 = (Φt+1)′x|x=1(Φt(ϕ(x)))′x|x=1 =
dΦt(ϕ)

dϕ
ϕ′x|x=1 = Ata,

îòêóäà At = at. Â ïðåäåëå t →∞ íàõîäèì:
a < 1, At → 0 � äîêðèòè÷åñêèé ïðîöåññ;
a = 1, At = 1 � êðèòè÷åñêèé ïðîöåññ;
a > 1, At →∞ � íàäêðèòè÷åñêèé ïðîöåññ.
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4.2.3 Ìàðêîâñêèé ïðîöåññ. Ïðîöåññ ãèáåëè è ðàçìíîæåíèÿ
Ñëó÷àéíûé ïðîöåññ ξt íàçûâàåòñÿ ìàðêîâñêèì, åñëè äëÿ ∀ n, t1 <
t2 < · · · < tn < tn+1, äëÿ ëþáûõ ñîáûòèé ξt1 ∈ B1, ..., ξtn−1 ∈ Bn−1,
ξtn = x âûïîëíÿåòñÿ ðàâåíñòâî

P (ξtn+1 ∈ Bn+1|ξt1 ∈ B1, ..., ξtn−1 ∈ Bn−1, ξtn = x) =

= P (ξtn+1 ∈ Bn+1|ξtn = x).

Òî åñòü ñîñòîÿíèå ñèñòåìû â áóäóùåì ïðè çàäàííîì íàñòîÿùåì íå
çàâèñèò îò ïðîøëîãî. Ìàðêîâñêèé ïðîöåññ ξt íàçûâàåòñÿ ïðîöåññîì
ãèáåëè è ðàçìíîæåíèÿ, åñëè ïðè h → 0 èìååò ìåñòî:

P (ξt+h = k + 1|ξt = k) = λkh + o(h),
P (ξt+h = k − 1|ξt = k) = µkh + o(h),
P (ξt+h = k|ξt = k) = 1− (λk + µk)h + o(h),

ãäå îòíîñèòåëüíî ïîñòîÿííûõ ïðåäïîëàãàåòñÿ λ0, λk, µk > 0 (k > 0),
µk = 0 (k ≤ 0). Ââåäåì Pk(t) = P (ξt = k). Äëÿ k > 0 èìååì

Pk(t + h) = P (ξt+k = k) =
∞∑

l=0

P (ξt = l)P (ξt+h = k|ξt = l) =

Pk+1(t)µk+1h + Pk(t)(1− (λk + µk)h) + Pk−1(t)λk−1h + o(h),

îòêóäà ïîëó÷àåì äèôôåðåíöèàëüíûå óðàâíåíèÿ:

P ′
k = λk−1Pk−1− (λk + µk)Pk + µk+1Pk+1, k > 0 è P ′

0 = −λP0 + µ1P1.

Åñëè âñå µk = 0, òî ïðîöåññ íàçûâàåòñÿ ïðîöåññîì ÷èñòîãî ðàçìíî-
æåíèÿ. Â ýòîì ñëó÷àå ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé èìååò
âèä:

P ′
k = λk−1Pk−1 − λkPk, k > 0,

P ′
0 = −λ0P0.

Åñëè âñå λ â ïðîöåññå ÷èñòîãî ðàçìíîæåíèÿ îäèíàêîâû, òî ýòîò
ïðîöåññ åñòü ïóàññîíîâñêèé ïðîöåññ.
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4.2.4 Ñèñòåìà ìàññîâîãî îáñëóæèâàíèÿ ñ ïîòåðÿìè
Èìååòñÿ n îáñëóæèâàþùèõ óñòðîéñòâ. Îòäåëüíîå óñòðîéñòâî îáðàáà-
òûâàåò ïîñòóïèâøåå òðåáîâàíèå çà ñëó÷àéíîå âðåìÿ, ïîä÷èíÿþùååñÿ
ïîêàçàòåëüíîìó ðàñïðåäåëåíèþ ñ ïàðàìåòðîì µ (µ > 0), ýòî âðåìÿ
íå çàâèñèò îò ðàáîòû äðóãèõ óñòðîéñòâ, îò ïîñòóïàþùèõ íîâûõ òðå-
áîâàíèé. Ïóñòü òðåáîâàíèÿ, ïîñòóïàþùèå íà ïóíêò îáñëóæèâàþùèõ
óñòðîéñòâ, îáðàçóþò ïóàññîíîâñêèé ïðîöåññ ñ ïàðàìåòðîì λ. Åñëè
âñå óñòðîéñòâà çàíÿòû, òî âíîâü ïîñòóïàþùåå òðåáîâàíèå òåðÿåòñÿ.
Ïóñòü ξt � ÷èñëî òðåáîâàíèé â ñèñòåìå â ìîìåíò t. Âîçìîæíûå çíà-
÷åíèÿ 0, 1, ..., n. Ðàññìîòðèì âåðîÿòíîñòü P (ξt+h = k|ξt = k), êîòîðàÿ
â ïðîñòåéøåé èíòåðïðåòàöèè îçíà÷àåò âåðîÿòíîñòü òîãî, ÷òî íè îä-
íî óñòðîéñòâî íå çàêîí÷èëî îáðàáîòêó òðåáîâàíèé çà âðåìÿ h è íå
ïîñòóïèëî íè îäíî íîâîå òðåáîâàíèå. Ïîýòîìó

P (ξt+h = k|ξt = k) =
(

1−
h∫

0

µe−µxdx

)k(
1−

h∫

0

λe−λxdx

)
=

= (1− µh + o(x))k(1− λh + o(x)) = 1− (kµ + λ)h + o(x).

Ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî ïîñòóïèëî îäíî íîâîå òðåáîâàíèå è
íè îäíî îáñëóæèâàþùåå óñòðîéñòâî íå çàêîí÷èëî ðàáîòó, áóäåò õà-
ðàêòåðèçîâàòüñÿ âåðîÿòíîñòüþ ïåðåõîäà

P (ξt+h = k + 1|/ξt = k) =
(

1−
h∫

0

µe−µxdx

)k

(λh + o(x)) = λh + o(x).

Íàêîíåö, åñëè îäíî óñòðîéñòâî âûïîëíèëî òðåáîâàíèå è ïîñòóïëåíèÿ
íîâûõ òðåáîâàíèé íå áûëî, òî íóæíî ââîäèòü âåðîÿòíîñòü ïåðåõîäà

P (ξt+h = k − 1|ξt = k) = C1
kµh(1− µh)k−1

(
1−

h∫

0

λe−λxdx

)
=

= kµh + o(h).
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Ñíîâà ââåäåì îáîçíà÷åíèå: Pk(t) = P (ξt = k), k = 0, 1, ..., n, òîãäà
ëåãêî ïîëó÷èòü ñëåäóþùèå äèôôåðåíöèàëüíûå óðàâíåíèÿ:

P ′
0 = −λP0 + µP1,

P ′
k = λPk−1 − (λ + kµ)Pk + (k + 1)µPk+1, 1 ≤ k ≤ n− 1,

P ′
n = λPk−1 − nµPn.

Ñòàöèîíàðíîå ðåøåíèå.Ïóñòü P ′
k = 0. Êðîìå òîãî, èìååì

n∑
k=0

Pk =

1. Èç ïåðâîãî óðàâíåíèÿ ïðåäûäóùåé ñèñòåìû íàõîäèì

P1 =
λ

µ
P0 = ΘP0,

èç âòîðîãî óðàâíåíèÿ 2µP2 − (λ + µ)P1 + λ0 = 0:

P2 =
(1 + Θ)Θ−Θ

2
P0 =

Θ2

2!
P0.

È ò.ä.
Pk =

Θk

k!
P0.

Ñóììà âñåõ âåðîÿòíîñòåé äîëæíà áûòü ðàâíà åäèíèöå, ïîýòîìó

P0 =
( n∑

k=0

Θk

k!

)−1

.

Pn � âåðîÿòíîñòü ïîòåðè òðåáîâàíèÿ.

4.2.5 Âåòâÿùèéñÿ ïðîöåññ ñ íåïðåðûâíûì âðåìåíåì
Ïóñòü êàæäàÿ ÷àñòèöà íåçàâèñèìî îò ñâîåãî ïðîøëîãî è îò ïîâåäå-
íèÿ äðóãèõ ÷àñòèö çà âðåìÿ h: ïîãèáàåò ñ âåðîÿòíîñòüþ µh + o(h),
äåëèòñÿ íà äâå ÷àñòèöû ñ âåðîÿòíîñòüþ λh + o(h) , íå èçìåíÿåòñÿ ñ
âåðîÿòíîñòüþ 1− (λ + µ)h + o(h). Ïóñòü ξt � ÷èñëî ÷àñòèö â ìîìåíò
t. Òîãäà èìååì ñëåäóþùèå âåðîÿòíîñòè ïåðåõîäà:

P (ξt+h = k + 1|ξt = k) = λkh + o(h),
P (ξt+h = k − 1|ξt = k) = µkh + o(h),
P (ξt+h = k|ξt = k) = 1− (λ + µ)kh + o(h).
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Ñîîòâåòñòâóþùèå äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ Pk(t) = P (ξt =
k) èìåþò âèä:

P ′
0 = µP1,

P ′
1 = −(λ + µ)P1 + 2µP2,

P2 = λP1 − 2(λ + µ)P2 + 3µP3,
..........................

4.2.6 13-îå è 14-îå ïðàêòè÷åñêèå çàíÿòèÿ. Ýëåìåíòû òåî-
ðèè ñëó÷àéíûõ ïðîöåññîâ

Çàäà÷à 10.1. Íàéòè cov(ξt, ξt+s), åñëè: à) ξt � ïóàññîíîâñêèé ïðîöåññ
ñ ïàðàìåòðîì λ; á) ξt � âèíåðîâñêèé ïðîöåññ ñ a = 0.

Ðåøåíèå. ξt, ξt+s − ξt íåçàâèñèìû, ïîýòîìó

cov(ξt, ξt+s) = cov(ξt, ξt+s − ξt + ξt) = cov(ξt, ξt) =

= Dξt =
{

λt â ñëó÷àå à),
bt â ñëó÷àå á).

Çàäà÷à 10.3. Ïóñòü ν, η1, η2, ... � íåçàâèñèìûå ñëó÷àéíûå âåëè-
÷èíû: P (ν = k) = (λT )ke−λT /k!; âåëè÷èíû ηl(1 = 1, 2, ...) ðàâíîìåðíî
ðàñïðåäåëåíû íà îòðåçêå [0,Ò]. Îáîçíà÷èì ξt ÷èñëî âåëè÷èí ηl, óäî-
âëåòâîðÿþùèõ íåðàâåíñòâó ηl < t, l = 1, 2, ..., ν, åñëè ν > 0, è ξt = 0
ïðè ν = 0. Íàéòè âåðîÿòíîñòü

P (ξt1 = k1, ξt2 − ξt1 = k2 − k1, ξT − ξt2 = k3 − k2).

Ðåøåíèå. ξt − ôóíêöèÿ ñëó÷àéíûõ âåëè÷èí ν, η1, η2, ....

P (ξt1 = k1, ξt2 − ξt1 = k2 − k1, ξT − ξt2 = k3 − k2) =

= P (ξt1 = k1, ξt2 = k2, ξT = k3) =
∞∑

l=k3

P (ν = l) · P (ξt1 = k1|ν = l)·

·P (ξt2 = k2|ν = l, ξt1 = k1) · P (ξT = k3|ν = l, ξt1 = k1, ξt2 = k2) =
∞∑

l=k3

(λT )l

l!
e−λT · Ck1

l

(
t1
T

)k1
(

T − t1
T

)l−k1

· Ck2−k1
l−k1

(
t2 − t1
T − t1

)k2−k1

·
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(
T − t1 − (t2 − t1)

T − t1

)1−k1−(k2−k1)

Ck3−k2
l−k2

(
T − t2
T − t2

)k3−k2

0(l−k2)−(k3−k2) =

=
(λT )k3

k3!
e−λT · Ck1

l

(
t1
T

)k1
(

T − t1
T

)k3−k1

· Ck2−k1
k3−k1

(
t2 − t1
T − t1

)k2−k1

·

·
(

T − t2
T − t1

)k3−k2

= λk3e−λT tk1
1 (t2 − t1)k2−k1(T − t2)k3−k2

k1!(k2 − k1)!(k3 − k2)!
.

Çàäà÷à 10.5. Ïóñòü µt − âåòâÿùèéñÿ ïðîöåññ ñ íåïðåðûâíûì
âðåìåíåì. Íàéòè: à) äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ F (t, x) =
M(xµt |µ0 = 1); á) ÿâíîå âûðàæåíèå äëÿ F (t, x); â) A(t) = M(µt|µ0 =
1).

Ðåøåíèå. a) µt − ÷èñëî ÷àñòèö â ìîìåíò t. Ecëè â íà÷àëüíûé
ìîìåíò áûëî k ÷àñòèö, òî êàæäàÿ i �àÿ ÷àñòèöà (i = 1, .., k) â ìîìåíò
t äàñò ñëó÷àéíîå ÷èñëî ïîòîêîâ µi

t, ðàñïðåäåëåííîå êàê (µt|µ0 = 1),
ïîýòîìó

M(x

kP
i=1

µi
t |µ1

0 = · · · = µk
0 = 1) =

k∏

i=1

M(xµi
t |µi

0 = 1) = F (t, x)k.

F (t + h, x) = M(xµt+h |µ0 = 1) =

=
∞∑

k=0

P (µh = k|µ0 = 1)M(xµt+h |µ0 = 1, µh = k) =

=
∞∑

k=0

P (µh = k|µ0 = 1)M(xµt+h |µh = k)

(ñâîéñòâî ìàðêîâîñòè)

=

=
∞∑

k=0

P (µh = k|µ0 = 1)M(xµt |µ0 = k)

(ñâîéñòâî îäíîðîäíîñòè)

=
∞∑

k=0

P (µh = k|µ0 = 1)·

·F (t, x)k = µh + (1− (λ + µ)h)F + λhF 2 + · · · .

dF

dt
= lim

h→0

F (t + h, x)− F (t, x)
h

= µ− (λ + µ)F + λF 2.
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á) Ðåøåíèå ïîñëåäíåãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ íà÷àëüíûì
óñëîâèåì F (0, x) = x íàõîäèì â âèäå:

F =

{
1 + (µ−λ)(x−1)e(λ−µ)t

(µ−λ)+(x−1)(λe(λ−µ)t−1)
, µ 6= λ

1 + x−1
1+λ(1−x)t , µ = λ

.

F (t, x) = M(xµt |µ0 = 1),

F ′
x

∣∣∣∣
x=1

= M(µtx
µt |µ0 = 1)

∣∣∣∣
x=1

= M(µt|µ0 = 1) = e(λ−µ)t.

Çàäà÷à 10.7. Ïóñòü ξt � ïðîöåññ ãèáåëè è ðàçìíîæåíèÿ. Ïîëî-
æèì mk = M(τ |ξ0 = k), 0 ≤ k ≤ n, ãäå τ � âðåìÿ äî ïåðâîãî äî-
ñòèæåíèÿ ñîñòîÿíèÿ n. Íàéòè: 1) ìàòåìàòè÷åñêîå îæèäàíèå âðåìåíè
ïðåáûâàíèÿ â ñîñòîÿíèè k äî ïåðâîãî âûõîäà èç íåãî; 2) âåðîÿòíîñòü
òîãî, ÷òî ïåðâûì ïåðåõîäîì èç k áóäåò ïåðåõîä â k + 1 (k − 1). Ñî-
ñòàâèòü ñèñòåìó óðàâíåíèé äëÿ mk.

Ðåøåíèå. 1) Ïóñòü ζk îçíà÷àåò âðåìÿ äî ïåðâîãî âûõîäà èç ñî-
ñòîÿíèÿ k. (ζk > x) − ñîáûòèå, ñîñòîÿùåå â òîì, ÷òî ïðîöåññ íàõî-
äèòñÿ â ñîñòîÿíèè k â òå÷åíèå âðåìåíè (0, x). P (ζk > x + h|ζk > ) =
1− h(µk + λk) + · · · . Îáîçíà÷èì G(x) = P (ζk > x).

G(x + h) = (ζk > x + h) = P (ζk > x) · P (ζk > x + h|ζk > x) =

= G(x) · (1− h(µk + λk) + · · · ). G′ = −(µk + λk) ·G, G− e−(µk+λk)x.

Fζk
(x) = P (ζk < x) = 1− e−(µk+λk)x, pζk

= (µk + λk)e−(µk+λk)x,

Mζk =

∞∫

0

xpζk
(x)dx =

1
µk + λk

.

2) Âåðîÿòíîñòü íàõîæäåíèÿ â ñîñòîÿíèè k â òå÷åíèå âðåìåíè (0, x)
è çàòåì ïåðåõîäà â ñîñòîÿíèå k + 1 èç ñîñòîÿíèÿ k â ïðîìåæóòêå
(x, x + dx) ðàâíà

λke
−(µk+λk)xdx.

Âåðîÿòíîñòü ïåðåõîäà â ñîñòîÿíèå k+1 èç ñîñòîÿíèÿ k çà áåñêîíå÷íîå
âðåìÿ ðàâíà:

∞∫

0

λke
−(µk+λk)xdx =

λk

µk + λk
.
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Àíàëîãè÷íî, µk
µk+λk

� âðåìÿ ïåðåõîäà èç k â k − 1.
3) Ïóñòü τ �âðåìÿ, çà êîòîðîå ñèñòåìà èç ñîñòîÿíèÿ k ïåðåõîäèò

â ñîñòîÿíèå n, τ ′ � âðåìÿ äî ïåðâîãî âûõîäà èç ñîñòîÿíèÿ k, τ ′′ �
âðåìÿ ïðèõîäà âïåðâûå â ñîñòîÿíèå n ïîñëå âûõîäà èç ñîñòîÿíèÿ k.

mk = Mτ = Mτ ′ + Mτ ′′ =

= Mτ ′+P (k → k−1)M(τ ′′|k → k−1))+P (k → k+1)M(τ ′′|k → k+1) =

=
1

µk + λk
+

µk

µk + λk
mk−1 +

λk

µk + λk
mk+1.

Çàäà÷à 10.9. Ïóñòü ξt − öåïü Ìàðêîâà ñ íåïðåðûâíûì âðåìåíåì
ñ äâóìÿ ñîñòîÿíèÿìè (1 è 2) è ïðè h → 0

P (ξh = 2|ξ0 = 1) = αh + o(h), P (ξh = 1|ξ0 = 2) = βh + o(h).

Ïóñòü τk(t), k = 1, 2, � ñóììàðíàÿ äëèòåëüíîñòü ïðåáûâàíèÿ â ñî-
ñòîÿíèè k çà âðåìÿ t öåïè Ìàðêîâà. Ñîñòàâèòü äèôôåðåíöèàëüíîå
óðàâíåíèå äëÿ

fk(t, s) = M(eis(τ1(t)−τ2(t))|ξ0 = k).

Ðåøåíèå.

f1(t + h) = M(eis(τ1(t+h)−τ2(t+h))|ξ0 = 1) =

= M(eis(τ1(h)−τ2(h)+τ1(t+h)−τ1(h)−(τ2(t+h)−τ2(h)))|ξ0 = 1) =

=
∑

k

P (ξh = k|ξ0 = 1)

·M(eis(τ1(h)−τ2(h)) · eis(τ1(t+h)−τ1(h)−(τ2(t+h)−τ2(h))|ξ0 = 1, ξh = k) =
∑

k

P (ξh = k|ξ0 = 1) ·M(eis(τ1(h)−τ2(h))|ξ0 = 1, ξh = k) · fk(t, s) =

(1− αh + · · · )eishf1(t, s) + (αh + · · · )(1 + · · · )f2(t, s).

∂

∂t
f1(t, s) = (is− α)f1(t, s) + αf2(t, s).
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Àíàëîãè÷íûì îáðàçîì íàõîäèì

∂

∂t
f2(t, s) = βf1(t, s)− (β + is)f2(t, s).

Çàäà÷à 10.11. Äâèæåíèå òî÷êè ïî ïðÿìîé óïðàâëÿåòñÿ öåïüþ
Ìàðêîâà ξt, îïðåäåëåííîé â çàäà÷å 9. Åñëè ξt = 1, òî òî÷êà äâèæåòñÿ
âïðàâî ñî ñêîðîñòüþ v1, à åñëè ξt = 2, òî âëåâî ñî ñêîðîñòüþ v2.
Ïóñòü ηt � êîîðäèíàòà òî÷êè â ìîìåíò t. Íàéòè lim

t→∞Mk(t, x), ãäå

Mk(t, x) = M(ηt|η0 = x, ξ0 = k), k = 1, 2.

Ðåøåíèå. Ïîëîæèì m1(t) = M(ηt|ξ0 = 1), m2 = M(ηt|ξ0 = 2).

m1(t + h) = M(ηt+h|ξ0 = 1) = M(ηt+h − ηh + ηh|ξ0 = 1) =

= m1(h) + M(ηt+h − ηh|ξ0 = 1) = m1(h) +
2∑

k=1

P (ξh = k|ξ0 = 1)·

·M(ηt+h − ηh|ξh = k) = v1h + (1− αh)m1(t) + αhm2(t).

m′
1 = v1 + α(m2 −m1), m1(0) = 0,

m′
2 = −v2 − β(m2 −m1), m2(0) = 0.

lim
t→∞mk(t)/t = (βv1 − αv2)/(α + β).

Çàäà÷à 10.13. Äâèæåíèå òî÷êè ïî ïðÿìîé óïðàâëÿåòñÿ öåïüþ
Ìàðêîâà, îïðåäåëåííîé â çàäà÷å 9. Åñëè ξ0 = 1, òî òî÷êà äâèæåòñÿ
âïðàâî ñî ñêîðîñòüþ v, à ïðè ξt = 2 òî÷êà äâèæåòñÿ âëåâî ñ ïîñòî-
ÿííûì óñêîðåíèåì a (ïðè íà÷àëå äâèæåíèÿ ñ óñêîðåíèåì íà÷àëüíàÿ
ñêîðîñòü ñ÷èòàåòñÿ ðàâíîé 0). Ïóñòü ηt − êîîðäèíàòà òî÷êè â ìî-
ìåíò t. ßâëÿåòñÿ ëè ïðîöåññ ηt ìàðêîâñêèì? Ñîñòàâèòü èíòåãðàëü-
íîå óðàâíåíèå äëÿ Mk(t, x) = M(ηt|η0 = x, ξ0 = k), k = 1, 2. Íàéòè
lim
t→∞Mk(t, x)/t.

Ðåøåíèå. Ïðîöåññ ηt íå ÿâëÿåòñÿ ìàðêîâñêèì, òàê êàê êîîðäè-
íàòà ηt â ìîìåíò t ïîñëå ìîìåíòà t0 çàâèñèò îò ñîñòîÿíèÿ äî ìîìåíòà
t0. Åñëè, íàïðèìåð, ξt0−δ = 1, ξs = 2 ïðè t0 − δ < s < t0 + δ = t, òî
ηt0 = ηt0−δ − a · δ2/2, ηt = ηt0−δ − 2aδ2. Åñëè æå ξt0−δ = 1, ξs = 2 ïðè
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t0 − δ < s < t0 è ïðè t0 < s < t0 + δ è ξt0 = 1, òî ηt0 = ηt0−δ − a · δ2/2,
ηt = ηt0 − aδ2/2 = ηt0−δ − aδ2.

Ïóñòü τ − ñëó÷àéíîå âðåìÿ äî ïåðâîãî âûõîäà èç ñîñòîÿíèÿ 1
ïðè óñëîâèè, ÷òî ξ0 = 1. Êàê â çàäà÷å 7 íàõîäèì, ÷òî pξ() = α−αx.
P (τ > t) = e−αt.

M1(t, x) = M(ηt/η0 = x, ξ0 = 1) =

= P (τ > t)M(ηt|η0 = x, ξs = 1, 0 ≤ s ≤ t)+

+

t∫

0

pτ (u)duM(ηt|η0 = x, ξs = 1 ïðè 0 ≤ s ≤ u, ξ0 = 2).

M1(t, x) = P (τ > t)(x + vt) +

t∫

0

pτ (u)M2(t− u, x + vu)du =

= e−αt(x + vt) +

t∫

0

αe−αuM2(t− u, x + vu)du.

Ïóñòü òåïåðü τ �ñëó÷àéíîå âðåìÿ äî ïåðâîãî âûõîäà èç ñîñòîÿíèÿ
2 ïðè óñëîâèè, ÷òî ξ0 = 2. pτ (x) = βe−βx. Åñëè τ = u < t, òî â
ïðîìåæóòêå [0, u] ÷àñòèöà áóäåò äâèãàòüñÿ ñ óñêîðåíèåì a âëåâî è
çàéìåò â êîíöå ïðîìåæóòêà ïîëîæåíèå x − au2/2. Â èòîãå, êàê è â
ñëó÷àå M1(t, x), ïîëó÷àåì

M2(t, x) = e−βt(x− at2/2) +

t∫

0

βe−βuM1(t− u, x− at2/2)du.

Òàê êàê Mk(t, x) = x + Mk(t, 0), òî ïðè = 0 èìååì




M1(t, 0) = v(1− e−αt)/α +
t∫
0

αe−αuM2(t− u, 0)du,

M2(t, 0) = a[(βt + 1)e−βt − 1]/β2 +
t∫
0

βe−βuM1(t− u)du

.
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Èñïîëüçóÿ îïåðàöèîííîå èñ÷èñëåíèå, íàõîäèì èçîáðàæåíèÿ

m1(p) =
v(p + β)2 − βα

p2(p + β)(p + α + β)
, m2(p) =

vβ(p + β)− a(p + α)
p2(p + β)(p + α + β)

,

îòêóäà
lim
t→∞

Mk(t)
t

= mk(p)|p=0 =
vβ2 − aα

β(α + β)
.

Çàäà÷à 10.15. Ïóñòü ξt(t = ...−2,−1, 0, 1, 2, ...) � ïîñëåäîâàòåëü-
íîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ñ ξt = a, Dξt = σ2. Ïîëîæèì
ηt = c0ξ1 + c1ξt−1 + c2ξt−2, c0 + c1 + c2 = 1 è a∗t = (η1 + η2 + · · · ηt)/t.
Íàéòè a∗t , Da∗t . ßâëÿåòñÿ ëè a∗t íåñìåùåííîé è ñîñòîÿòåëüíîé îöåí-
êîé a?

Ðåøåíèå. Mη = a. Ma∗ = a. a∗ � íåñìåùåííàÿ îöåíêà. Dηt =
(c2

0 + c2
1 + c2

2)σ
2.

cov(ηt1 , ηt2) = σ2





0, t1 + 2 < t2
c0c2, t1 + 2 = t2
c0c1 + c1c2, t1 + 2 > t2

Da∗t = t−2σ2(t(c2
0 + c2

1 + c2
2) + 2(t − 1)(c0c1 + c1c2) + 2(t − 2)c0c2) →

0, t →∞. a∗t � ñîñòîÿòåëüíàÿ îöåíêà.

Çàäà÷è äîìàøíåãî çàäàíèÿ.

Çàäà÷à 10.2. Äîêàçàòü, ÷òî äëÿ ëþáîãî ïðîìåæóòêà âðåìåíè
τk = θk − θk−1, ãäå θk � ìîìåíò k−ãî ñêà÷êà ïðîöåññà Ïóàññîíà,
âûïîëíÿåòñÿ ðàâåíñòâî P (τk > t + s|τ > s) = P (τk > t).

Çàäà÷à 10.4. Ïóñòü µt � âåòâÿùèéñÿ ïðîöåññ ñ íåïðåðûâíûì
âðåìåíåì; ϕ(x) = Mmµt = px2 + 1 − p. Íàéòè: à) λ = lim

t→∞P (µt =

0), p > 1/2; á) Bt = Mµt(µt − 1) è Dµt ïðè p = 1/2.

Îòâåò: à) λ = (1− p/p); á) Dµt = Bt = t, Mµt = 1.

Çàäà÷à 10.6. Ñëó÷àéíûå âåëè÷èíû ξt(t = 1, 2, ...) íåçàâèñèìû è
P (ξt = 1) = p, P (ξt = −1) = 1− p = q. Ïîëîæèì

ηt+1 =
{

ηt + ξt+1, åñëè ηt 6= 0,
a, åñëè ηt = 0, t = 0, 1, 2, ...;

126



η0 = k. Íàéòè: 1) âåðîÿòíîñòü òîãî, ÷òî ïðîöåññ ηt êîãäà-ëèáî ïîïàäåò
â ñîñòîÿíèå 0, åñëè a = 0; 2) ñòàöèîíàðíîå ðàñïðåäåëåíèå âåðîÿòíî-
ñòåé πl = lim

t→∞P (ηl), a = 1, q > p.

Îòâåò: 1) 1, åñëè q ≥ p; (q/p)k, åñëè q < p; 2) π0 = q−p
1+q−p ;

πk = π0
p (p/q)k, k ≥ 1.

Çàäà÷à 10.8. Ìàðêîâñêèé ñëó÷àéíûé ïðîöåññ ξt ñ íåïðåðûâíûì
âðåìåíåì íàçûâàþò öåïüþ Ìàðêîâà, åñëè ìíîæåñòâî åãî ñîñòîÿíèé
êîíå÷íî èëè ñ÷åòíî. Ïóñòü ξt � öåïü Ìàðêîâà ñ äâóìÿ ñîñòîÿíèìè
(1 è 2) è ïðè h → 0 P (ξh = 2|ξ0 = 1) = αh + o(h), P (ξh = 1|ξ0 = 2) =
βh + o(h). Íàéòè Pij(t) = P (ξt = j|ξ0 = i), i, j = 1, 2.

Îòâåò: ‖Pij(t)‖ = 1
α+β

(
β α
β α

)
+ e−(α+β)t

α+β

β α
β α

)
.

Çàäà÷à 10.10. Íàéòè lim
t→∞

1
t M(τ1(t)|ξ0 = k), ãäå τ1(t) îïðåäåëåíî

â çàäà÷å 10.9.
Óêàçàíèå. Èñïîëüçîâàòü ôîðìóëó τ1(t) =

t∫
0

δ1,ξudu, ãäå δ1,1 = 1,

δ1,2 = 0.

Îòâåò: β/(α + β)

Çàäà÷à 10.12. Ðåøèòü çàäà÷ó 10.11, èñïîëüçóÿ ðàâåíñòâî ηt =
v1τ1(t) − v2τ2(t) + x, ãäå τk(t) îïðåäåëåíû â çàäà÷å 10.9, è ðåøåíèå
çàäà÷è 10.10.

Çàäà÷à 10.14. Ïóñòü ξt(t = ... − 2,−1, 0, 1, 2, ...) � ïîñëåäîâà-
òåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ñ Mξt = a, Dξt = σ2.
Ïîëîæèì ηt = c0ξt + c1ξt−1 + c2ξt−2, c0 + c1 + c2 = 1. Íàéòè Mηt, Dηt,
cov(ηt1 , ηt2). Ïðîâåðèòü, ÷òî cov(ηt1 , ηt2) = R(|t1 − t2|).
Îòâåò: Mηt = a, Dηt = (c2

0 + c2
1 + c2

2)σ
2 = R(0), R(1) = c1(c0 + c2)σ2,

R(2) = c0c2σ
2, R(k) = 0, k ≥ 0.

Çàäà÷à 10.16. Ïóñòü ηt � ïðîöåññ, îïðåäåëåííûé â çàäà÷å 10.14.
Ïîêàçàòü, ÷òî R∗

t (k) = 1
t

t∑
s=1

(ηs − a∗t )(ηs+k − a∗t ), k = 0, 1, 2, ÿâëÿåòñÿ
àñèìïòîòè÷åñêè íåñìåùåííîé îöåíêîé R(k).
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5 ÒÀÁËÈÖÛ
5.1 Ñëó÷àéíûå ÷èñëà

10 09 73 25 33 76 52 01 35 86 34 67 35 48 76
37 54 20 48 05 64 89 47 42 96 24 80 52 40 37
08 42 26 89 53 19 64 50 93 03 23 20 90 25 60
99 01 90 25 29 09 37 67 07 15 38 31 13 11 65
12 80 79 99 70 80 15 73 61 47 64 03 23 66 53

80 95 90 91 17 39 29 27 49 45 66 06 57 47 17
20 63 61 04 02 00 82 29 16 65 31 06 01 08 05
15 95 33 47 64 35 08 03 36 06 85 26 97 76 02
88 67 67 43 97 04 43 62 76 59 63 57 33 21 35
98 95 11 68 77 12 17 17 68 33 73 79 64 57 53

34 07 27 68 50 36 69 73 61 70 65 81 33 98 85
45 57 18 24 06 35 30 34 26 14 86 79 90 74 39
02 05 16 56 92 68 66 57 48 18 73 05 38 52 47
05 32 54 70 48 90 55 35 75 48 28 46 82 87 09
03 52 96 47 78 35 80 83 42 82 60 93 52 03 44

11 19 92 91 70 98 52 01 77 67 14 90 56 86 07
23 40 30 97 32 11 80 50 54 31 39 80 82 77 32
18 62 38 85 79 83 45 29 96 34 06 28 89 80 83
83 49 12 56 24 88 68 54 02 00 86 50 75 84 01
35 27 38 84 35 99 59 46 73 48 87 51 76 49 69

5.2 Íîðìàëüíîå ðàñïðåäåëåíèå è çíà÷åíèÿ ôóíêöèè uα

Çíà÷åíèÿ ôóíêöèè Φ0(x) = 1√
2π

x∫
0

e−
u2

2 du.

Â ïåðâîé ñòðîêå òàáëèöû íà ñòð.88 ïîñëå x óêàçàíû ñîòûå äîëè çíà-
÷åíèé x, ìåíüøèå 5. Â ïåðâîé ñòðîêå òàáëèöû íà ñòð. 89 ïîñëå x
óêàçàíû ñîòûå äîëè çíà÷åíèé x, áîëüøèå 4.
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x 0 1 2 3 4
0.0 0.0000 0.0040 0.0080 0.0120 0.0160
0.1 398 438 478 517 557
0.2 793 832 871 910 948
0.3 0.1179 0.1217 0.1255 0.1293 0.1331
0.4 554 591 628 664 700
0.5 915 950 985 0.2019 0.2054
0.6 0.2257 0.2291 0.2324 357 389
0.7 580 611 642 673 703
0.8 881 910 939 967 995
0.9 0.3159 0.3186 0.3212 0.3238 0.3264
1.0 413 437 461 485 508
1.1 643 665 686 708 729
1.2 849 869 888 907 925
1.3 0.4032 0.4049 0.4066 0.4082 0.4099
1.4 192 207 222 236 251
1.5 332 345 357 370 382
1.6 452 463 474 484 495
1.7 554 564 573 582 591
1.8 641 649 656 664 671
1.9 713 719 726 732 738
2.0 772 778 783 788 793
2.1 821 826 830 834 838
2.2 861 864 868 871 875
2.3 893 896 898 901 904
2.4 918 920 922 925 927
2.5 938 940 941 943 945
2.6 953 955 956 957 959
2.7 965 966 967 968 969
2.8 974 975 976 977 977
2.9 981 982 982 983 984
3.0 987 987 987 988 988
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x 5 6 7 8 9
0.0 0.0200 0.0239 0.0279 0.0319 0.0359
0.1 596 636 675 714 753
0.2 987 0.1026 0.1064 0.1103 0.1141
0.3 0.1368 406 443 480 517
0.4 736 772 808 844 879
0.5 0.2088 0.2123 0.2157 0.2190 0.2224
0.6 422 454 486 517 549
0.7 734 764 794 823 852
0.8 0.3023 0.3051 0.3078 0.3106 0.3133
0.9 289 315 340 365 389
1.0 531 554 577 599 621
1.1 749 770 790 810 830
1.2 944 962 980 997 0.4015
1.3 0.4115 0.4131 0.4147 0.4162 0.4177
1.4 265 279 292 306 319
1.5 394 406 418 429 441
1.6 505 515 525 535 545
1.7 599 608 616 625 633
1.8 678 686 693 699 706
1.9 744 750 756 761 767
2.0 798 803 808 812 817
2.1 842 846 850 854 857
2.2 878 881 884 887 890
2.3 906 909 911 913 916
2.4 929 931 932 934 936
2.5 946 948 949 951 952
2.6 960 961 962 963 964
2.7 970 971 972 973 974
2.8 978 979 979 980 981
2.9 984 985 985 985 986
3.0 989 989 989 990 990
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Çíà÷åíèÿ ôóíêöèè uα îïðåäåëÿþòñÿ ðàâåíñòâîì
α = 1√

2π

∞∫
uα

e−
x2

2 dx.

α 0.001 0.005 0.010 0.015 0.020 0.025
uα 3.0902 2.5758 2.3263 2.1701 2.0537 1.9600
α 0.030 0.035 0.040 0.045 0.050
uα 1.8808 1.8119 1.7507 1.6954 1.6449

5.3 Ðàñïðåäåëåíèå Ñòüþäåíòà
Çíà÷åíèÿ ôóíêöèè tα,n.

Ôóíêöèÿ tα,n îïðåäåëÿåòñÿ ðàâåíñòâîì P (|τn| < tα,n) = 1 − 2α,
ãäå ñëó÷àéíàÿ âåëè÷èíà τn èìååò ðàñïðåäåëåíèå Ñòüþäåíòà ñ n ñòå-
ïåíÿìè ñâîáîäû. Ïëîòíîñòü ðàñïðåäåëåíèÿ τn ðàâíà

pτn(x) =
Γ(n+1

2 )
Γ(n

2 )
√

nπ
(̇1 +

x2

n
)−

n+1
2 .

n \ 2α 0.1 0.05 0.02 0.01
5 2.015 2.571 3.365 4.032
6 1.943 2.447 3.143 3.707
7 1.895 2.365 2.998 3.499
8 1.860 2.306 2.896 3.355
9 1.833 2.262 2.821 3.250
10 1.812 2.228 2.764 3.169
12 1.782 2.179 2.681 3.055
14 1.761 2.145 2.624 2.977
16 1.746 2.120 2.583 2.921
18 1.734 2.101 2.552 2.878
20 1.725 2.086 2.528 2.845
22 1.717 2.074 2.508 2.819
30 1.697 2.042 2.457 2.750
∞ 1.645 1.960 2.326 2.576
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5.4 χ2-ðàñïðåäåëåíèå è F -ðàñïðåäåëåíèå
Çíà÷åíèÿ ôóíêöèè χ2

α,m.
Ôóíêöèÿ χ2

α,m îïðåäåëÿåòñÿ ðàâåíñòâîì P (χ2
m > χ2

α,m) = α, ãäå
ñëó÷àéíàÿ âåëè÷èíà χ2

m èìååò χ2-ðàñïðåäåëåíèå ñ m ñòåïåíÿìè ñâî-
áîäû. Ïëîòíîñòü ðàñïðåäåëåíèÿ χ2

m ðàâíà

pχ2
m

(x) =
1

Γ(n
2 )2n/2

x
n
2
−1e−

x
2 , x > 0.

m \ α 0.9 0.10 0.05 0.02 0.01 0.005
1 0.00016 2.7 3.8 5.4 6.6 7.9
2 0.020 4.6 6.0 7.8 9.2 11.6
3 0.115 6.3 7.8 9.8 11.3 12.8
4 0.30 7.8 9.5 11.7 13.3 14.9
5 0.55 9.2 11.1 13.4 15.1 16.3
6 0.87 10.6 12.6 15.0 16.8 18.6
7 1.24 12.0 14.1 16.6 18.5 20.3
8 1.65 13.4 15.5 18.2 20.1 21.9
9 2.09 14.7 16.9 19.7 21.7 23.6
10 2.56 16.0 18.3 21.2 23.2 25.2
11 3.1 17.3 19.7 22.6 24.7 26.8
12 3.6 18.5 21.0 24.1 26.2 28.3
13 4.1 19.8 22.4 25.5 27.7 29.8
14 4.7 21.1 23.7 26.9 29.1 31.0
15 5.2 22.3 25.0 28.3 30.6 32.5
16 5.8 23.5 26.3 29.6 32.0 34.0
17 6.4 24.8 27.6 31.0 33.4 35.5
18 7.0 26.0 28.9 32.3 34.8 37.0
19 7.6 27.2 30.1 33.7 36.2 38.5
20 8.3 28.4 31.4 35.0 37.6 40.0
21 8.9 29.6 32.7 36.3 38.9 41.5
22 9.5 30.8 33.9 37.7 40.3 42.5
23 10.2 32.0 35.2 39.0 41.6 44.0
24 10.9 33.2 36.4 40.3 43.0 45.5
25 11.5 34.4 37.7 41.6 44.3 47.0
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Çíà÷åíèÿ ôóíêöèè Fα;n1,n2 .
Ôóíêöèÿ Fα;n1,n2 îïðåäåëÿåòñÿ ðàâåíñòâîì P (Fn1,n2 > Fα;n1,n2 =

α, ãäå ñëó÷àéíàÿ âåëè÷èíà Fn1,n2 èìååò F -ðàñïðåäåëåíèå ñ n1 è n2

ñòåïåíÿìè ñâîáîäû. Ïëîòíîñòü ðàñïðåäåëåíèÿ Fn1,n2 ðàâíà

pFn1,n2
(x) =

Γ(n1+n2
2 )

Γ(n1
2 )Γ(n2

2 )
(
n1

n2
)

n1
2

x
n1
2
−1

(n1
n2

x + 1)
n1+n2

2

, x > 0.
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α = 0.05

n2 \ n1 10 200 30 40 50 100 ∞
10 2.97 2.77 2.70 2.67 2.64 2.59 2.54
15 2.55 2.33 2.25 2.21 2.18 2.12 2.07
20 2.35 2.12 2.04 1.99 1.96 1.90 1.84
30 2.16 1.93 1.84 1.79 1.76 1.69 1.62
40 2.07 1.84 1.74 1.69 1.66 1.59 1.51
50 2.02 1.78 1.69 1.63 1.60 1.52 1.44
100 1.92 1.68 1.57 1.51 1.48 1.39 1.28
∞ 1.83 1.57 1.46 1.40 1.35 1.24 1.00

5.5 Íîðìàëüíî ðàñïðåäåëåííûå ñëó÷àéíûå ÷èñëà
Ïðèâåäåííûå â òàáëèöå ÷èñëà ìîæíî ðàññìàòðèâàòü êàê ðåàëèçàöèè
íåçàâèñèìûõ íîðìàëüíî ðàñïðåäåëåííûõ âåëè÷èí ñ ïàðàìåòðàìè a =
0, σ2 = 1.

0.464 0.137 2.455 −0.323 −0.068 0.296 −0.288 1.298
0.060 −2.256 −0.531 −0.194 0.543 −1.558 0.187 −1.190
1.486 −0.354 −0.634 0.697 0.926 1.375 0.785 −0.963
1.022 −0.472 1.279 3.521 0.571 −1.851 0.194 1.192
1.394 −0.555 0.046 0.321 2.945 1.974 −0.258 0.412

0.906 −0.513 −0.525 0.595 0.881 −0.934 1.579 0.161
1.179 −1.055 0.007 0.769 0.971 0.712 1.090 −0.631

−1.501 −0.488 −0.162 −0.136 1.033 0.303 0.448 0.748
−0.690 0.756 −1.618 −0.345 −0.511 −2.051 −0.457 −0.218

1.372 0.225 0.378 0.761 0.181 −0.736 0.960 −1.530

−0.482 1.678 −0.057 −1.229 −0.486 0.856 −0.491 −1.983
−1.376 −0.150 1.356 −0.561 −0.256 −0.212 0.219 0.779
−1.010 0.598 −0.918 1.598 1.065 0.415 −0.169 0.313
−0.005 −0.899 0.012 −0.725 0.147 −0.121 1.096 0.181

1.393 −1.163 −0.911 1.231 −0.199 −0.246 1.239 −2.574
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