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γ

v≪c c = 3 ⋅ 108

X Y Z



T[K] = 273,15+ t[∘C],

C12 NA = 6,02 ⋅ 1023
O2 MO2

= 0,032 N2 MN2
= 0,028

360∘
2π 1 = 360∘/2π = 57,3∘

R2

4π

A A |A| = A A



A = B B = −C A = B = C |A| = |B| = |C|

C = A+ B



C = A+ B
e = A/|A|

C = exA+ eyB
(A ⋅ B) = AB cosα

C = [A × B]
• |C| = C = AB sinα
• C A B

A B

A
t r

r = r(t)
A

x y z

x = x(t); y = y(t); z = z(t)

r = xi+ yj+ zk

i j k



Δt ΔS
Δt Δr

t t+ Δt

Δr = r2 − r1

V = lim
୼t→0

൬ΔrΔt ൰ =
dr
dt

= ṙ



Δt → 0 |Δr| → ΔS

V = lim
୼t→0

ቆΔSΔt ቇ =
dS
dt

= Ṡ

r = r[S(t)]

V = dr
dt

= ቆdr
dS
ቇቆdS

dt
ቇ = Vτ

τ = dr/dS V = dS/dt

V = dr
dt

= ቆdx
dt
ቇ ı+ ቆdy

dt
ቇ ȷ+ ቆdz

dt
ቇ k = ẋı+ ẏȷ+ żk = Vxı+ Vyȷ+ Vzk

Vx = ẋ = dx/dt Vy = ẏ = dy/dt Vz = ż = dz/dt

τ
V

V = Vτ

a

a = lim
୼t→0

൬ΔVΔt ൰ =
dV
dt

= d2r

dt2
= r̈

a = axı+ ayȷ+ azk

ax = ẍ = d2x/dt2 ay = ÿ = d2y/dt2 az = z̈ = d2z/dt2



R

R n
τ

V n τ

a = dV
dt

= d(Vτ)
dt

= ቆdV
dt
ቇτ+ Vቆdτ

dt
ቇ

a = ቆdV
dt
ቇτ+ ቆV

2

R
ቇn = aத + an



an = ൫V2/R൯n

aத = (dV/dt) τ

Δφ = ΔS/R; ΔV = |ΔV|nᇱ ≈ vΔφnᇱ

an = lim
୼t→0

ΔV
dt

= lim
୼t→0

V
R
ΔS
Δt n

ᇱ

V = lim
୼t→0

ΔS
dt

= dS
dt

= Ṡ

nᇱ n

an = (V2/R)n

dV/dt > 0 aத
V dV/dt > 0 aத

V
a an aத

a = |a| = ටa2த + a2n = ඥ(dV/dt)2 + (V2/R)2

2

S = V(t)dt
V(t) = V0 S = V0t

V(t) = V0 + at S = V0t+ (at2)/2





R
Δt Δφ

Δφ

ω = lim
୼t→0

ቆΔφΔt ቇ =
dφ
dt

= φ̇

[ω] =
ΔS = ΔφR

V = lim
୼t→0

ΔS
Δt =

dS
dt

= Rቆdφ
dt
ቇ = Rω

V ω

β = dω
dt

= d2φ
dt2

= φ̈

aத = dV
dt

= d(ωR)
dt

= ቆdω
dt

ቇR = βR

2

a = |a| = ටa2த + a2n = ඥ(βR)2 + (ω2R)2 = Rඥβ2 +ω2



ω = φ
T
= 2π

24 ⋅ 60 ⋅ 60 = 7,2 ⋅ 10ି5

F F

a = F/m



dmV
dt

= F

dp
dt

= F

p = mV



p

F = dp
dt

F = 0 a = 0

F = ma

1 = 1 ⋅ / 2

F12
F21

F12 = −F21



F = Gm1m2

r2

r m1 m2 G

G = 6,67 ⋅ 10ି11 ⋅ 2/ 2

g = 9,81 / 2

P = mg

G



Fx = −kx

k

F = μFn
Fn μ

F = −rV

r



n

Fik k i
Fik Fi

i
dp/dt = F

dp1
dt = F12 + F13 +⋯+ F1n + F1

dp2
dt = F21 + F23 +⋯+ F2n + F2

⋮
dpn
dt = Fn1 + Fn2 +⋯+ Fn,nି1 + Fn

d
dt

n

෍
iୀ1

pi = (F12 + F21) + (F13 + F31) + ⋯ + (F1n + Fn1) + …

⋯+ (Fnି1,n + Fn,nି1) +
n

෍
iୀ1

Fi

(Fik = −Fki)



n

෍
i,kୀ1
iஷk

Fik = 0

d
dt

n

෍
iୀ1

pi =
n

෍
iୀ1

Fi

P =
n

෍
iୀ1

pi

dP
dt

= F

F =
n

෍
iୀ1

Fi

F = 0 dP
dt = 0

P = const

C

rC = m1r1 +m2r2 +⋯+mnrn
m1 +m2 +⋯+mn

= 1
m

n

෍
iୀ1

miri

mi i ri m =
n

෍
iୀ1

mi



VC = drC
dt

= 1
m

n

෍
iୀ1

mi
dri
dt

= 1
m

n

෍
iୀ1

miVi = 1
m

n

෍
iୀ1

pi = P
m

P =
n

෍
iୀ1

pi

P = mVC

d(mVC)
dt

= F

F = 0

VC = const

m(t) t V(t)
μ μ = (dm/dt)

mV
(t + dt) m − μdt
dV V+ dV

V
(t+ dt)

(m− μdt)(V+ dV),
μV dt

dt

(m− μdt)(V+ dV) + μV dt−mV = −μdVdt+mdV+ μ(V − V)dt
μdVdt



dt dp/dt = F

mdV/dt+ μ(V − V) = F

mdV/dt = F− μV ,
V = V − V

F = 0

mdV/dt = −V dm/dt,

V = V ln(m0/m),
m0 V = 0

V = V ln[m0/(m0 −m )],
m



V0 OX
K

V0 Kᇱ

t = 0 O
Oᇱ t M

r = OOᇱ + rᇱ OOᇱ = V0t

r = V0t+ rᇱ; t = tᇱ

x = xᇱ + V0t, y = yᇱ, z = zᇱ; t = tᇱ

rᇱ = r− V0t; tᇱ = t

xᇱ = x− V0t, yᇱ = y, zᇱ = z; tᇱ = t

V ≪ c
t

dr/dt = V0 + drᇱ/dt V = V0 + Vᇱ

V M K Vᇱ Kᇱ

V0 =

dV/dt = dVᇱ/dt a = aᇱ



ma = F

a
aᇱ a−

aᇱ = w
F

a = F/m

aᇱ = a−w = F/m−w

F = 0

F = −wm

maᇱ = F+ F

ω m

F = man



an

−an = ω2R

F = −mω2R

F = −F = mω2R

R = Vᇱt

S = RΔφ = Rωt = Vᇱtωt = Vᇱωt2

SAB = at2/2

a = 2Vᇱω

F = 2mVᇱω

F = 2m[Vᇱω]



c = 2,99792458 ⋅ 108 /

τ = τ0/ඥ1− (v2/c2) = τ0/ඥ1− β2
β = v/c < 1

l = l0ඥ1− β2

x = xᇱ + Vtᇱ/ඥ1− β2, y = yᇱ, z = zᇱ; t = [tᇱ + (Vxᇱ/c2)]/ඥ1− β2

xᇱ = x− Vt/ඥ1− β2, yᇱ = y, zᇱ = z; tᇱ = [t− (Vx/c2)]/ඥ1− β2

dA F dr M
Fdr

dA = Fdr = FVdt



dA = |F||dr| cosα = FdS cosα = FதdS

dS = |dr| M dt α F
dr Fத = F cosα F

dr v
A12 F

M 1 2
M 1 2

A12 =
2

1
Fdr =

S2

S1

FதdS

da = FதdS

A12
S112S2

1 = 1 ⋅ 1

P = dA/dt = Fdr/dt = FV

1 = 1 /1
736 = 75

A1a2 = Aab2 = A12

dA = Fdr A2b1 = −A1b2



1a2b1

A1a2b1 = A1a2 + A2b1 = A1a2 − A1b2 = 0

L
Fdr = 0

L
Fdl = 0

W (r)

W (r) = Ai0 + C

C Ai0
ri

r0
1 2

A20 = −A02

W (r1) −W (r2) = (A10 + C) − (A20 + C) = A10 − A20 = A10 + A02



1 2 O
A

A12 = W (r1) −W (r2)

W

F

A =
0

x
Fdx = −k

0

x
xdx = kx2

2

W = kx2/2

m M

W = −GMm
r

m
r = R R h r = R+h

ΔW = −GMmቆ 1
R+ h

− 1
R
ቇ = GMmh

(R+ h)R
h ≪ R

ΔW = GMmh
R2

= mgh W = mgh

GM/R2 = g



m
F

mdV/dt = F

dr = Vdt
m(dV/dt)Vdt = Fdr

VV = V2

VdV/dt = d(V2)/dt

dt
d(mV2)/dt = Fdr

2

1
d(mV2/2) =

2

1
Fdr

m(v22 − V2
1)/2 = A12

W = mV2/2 = p2/2m



A12 = W −W

W =
n

෍
iୀ0

miV2
i /2

n

W
A12 = W −W

A∗

W

A12 = A12 + A∗
12 = W −W + A∗

12 = W −W

(W +W ) − (W +W ) = A∗
12

E

E = W +W

E2 − E1 = A∗
12

A∗
12 =

0 E =



m1V1 +m2V2 = (m1 +m2)U U = m1V1 +m1V2
m1 +m2

ΔW = m1 +m2

2
U2 − ൬m1

2
V2

1 +
m1

2
V2

1൰ = − m1m2

2(m1 +m2)(V1 − V2)2 < 0

m1 m2 V1 V2
u1 u2

m1V1 +m2V2 = m1u1 +m2u2,
m1V2

1

2
+ m2V2

2

2
= m1u21

2
+ m2u22

2

u1 =
2m2V2 + (m1 −m2)V1

m1 +m2
, u2 =

2m1V1 + (m1 −m2)V2

m1 +m2

u1x =
2m2V2 + (m1 −m2)V1

m1 +m2
, u2x =

2m1V1 − (m2 −m1)V2

m1 +m2

x1 x2 x0
x2 x3



O
r

F

M O
r F

M = r × F, M = rF sinα ,



α r F M
r F M

M

M =
N

෍
iୀ1

ri × Fi .

O
r p

L = r × p,

α r p L
r p M

N
O

L =
N

෍
iୀ1

ri × pi .

O

dL
dt

= dr
dt

× p+ r × dp
dt

.

O V dr/dt p

dr
dt

× p = 0 .

dp
dt

= F .



dL
dt

= M ,

M

Fik = Fki .
Fik k i

Fik Fki

L
M

dL
dt

=M .

dLx
dt = Mx ;
dLy
dt = My ;
dLz
dt = Mz .

M = 0
L L =



C

dp
dt

= F , p = mVc .

dL
dt

=M .

F = 0 , M = 0 .

dt
dvarphi

ω = dφ
dt

.

z

dLz
dt

= Mz ,
Lz Mz M F

z
O OZ

ri = OOi + r i Oi i



L =
n

෍
iୀ1

ri ×miVi =
n

෍
iୀ1

OOi ×miVi +
n

෍
iୀ1

r i ×miVi .

OZ
OZ

V = ω × r

r i × (mωi × r i) = mir2iω

Lz =
n

෍
iୀ1

r2iω

Lz = Jzω ,

Jz =
n

෍
iୀ1

r2i ,

Z

Jz
dω
dt

= Mz

Jzβ = Mz .

m V



Jz =
n

෍
iୀ1

r2i

Jz =
m
r2dm =

V
r2ρdV ,

ρ dm dV
r

OOᇱ

h R
dr ρ dm dr

dm = ρdV = ρhdS ;

S = πr2 dS = 2πrdr dm = 2πρhrdr

Jz = 2πρh
R

0
r3dr = πρhR4

2
= mR2

2
,

m

Jz = JC +md2 ,
JC

Z d

dL/dt = M



M = F1
l
2
+ F2

l
2
= 2(ω2rm)l

2
= ω2rml .



dφ z

dA = Fdr = Fz หdrห = Fzr dφ = Mzdφ =Mdφ .

P = dA
dt

= Mz
dφ
dt

= Mzω =Mω .

i mi
Vi

ΔWki =
miV2

i

2
.

Vi = riωi = riω ,

ΔWki =
mi(riω)2

2
.

Wk =෍ΔWki =෍ mi(riω)2
2

= ω2

2
෍mir2i ,

Wk = Jzω2

2
,

Jz = ∑mir2i z

dL
dt

= F



m J
S φ
V = dS/dt ω = dφ/dt
a = dV/dt = d2S/dt2 β = dω/dt = d2φ/dt2
F M
dp/dt = F dL/dt = M
ma = F Jzβ = Mz
Wk = mV2/2 Wk = Jzω2/2
dA = Fsr = FதdS dA = Mzdφ
P = FV = FதV P = Mω = Mzω



ε = Δl/l
ε = α(F/S)
α
E = 1/α
(ε = 1)
1 = (F/S)(1/ ) = (F/S)
μ = −εᇱ/ε
σ = (F/S) ε = ασ

F = Sε/α = (ES/l) Δl = kΔl .

F = kx = (ES/l)x ,

k

F = −kx

A =
0

x
Fdx = −k

0

x
dx =



= W

W = kx2

2
.

k (ES/l) ε = Δl/l

W = (ES/l)( Δl)2 = (EVε2)/2

W /V = (Eε2)/2.

m



x F
x

F = −kx,

k

cos sin

T [T] =
ν = 1/T

F = ma

F = −kx a = dV/dt = d2x/dt2 = ẍ

m(d2x/dt2) = −kx

ẍ+ω2
0x = 0

ω0 = ඥk/m

x = A cos(ω0t+ θ)
A

ω0t+θ
t θ

t = 0
A

ω2
0A cos(ω0t+ θ) − Aω2

0 cos(ω0t+ θ) = 0

cos sin 2π
T ω0

ω0(t+ T) + θ = ω0t+ θ+ 2π

ω0 = 2π/T = 2πν



ω0
2π

T = 2π/ω0 = 2πඥm/k
A

θ = 0

x = A cos(ω0t) = A cos 2π
T
t

V = dx/dt = ẋ = −Aω0 sin(ω0t) = −Aω0 sin
2π
T
t



π/2
V = Aω0

a = dV/dt = d2x/dt2 = ẍ = −Aω2
0 cosω0t = −Aω2

0 cos
2π
T
t

A ω0
F

π/2 π
a = Aω2

0

W = kx2/2

k x

W = (kA2/2) cos2(ω0t+ θ)

W = mV2/2

W = (mω2
0A2/2) sin2(ω0t+ θ) = (kA2/2) sin2(ω0t+ θ)

W W

E = W +W = kA2/2

x = A cos(ω0t+ θ)
A

ω0
A OX

x = A cos(ω0t+ θ)



x1 = a1 cos(ω0t+ α1)
x2 = a2 cos(ω0t+ α2)

x = x1 + x2 = a cos(ω0t+ α)

a2 = a21 + a22 − 2a1a2 cos[π− (α2 − α1)]

tgα = [a1 sinα1 + a2 sinα2][a1 cosα1 + a2 cosα2]

A θ



x = A cos(ω0t+ θ)
v = −Aω0 sin(ω0t+ θ)

t = 0

x = A cos θ v = −Aω0 sin θ

x = A cos θ v/omega0 = −A sin θ

x2 + [v/ω0]2 = A2

A = ඥx2 + [v/ω0]2
θ

tg θ = sin θ/ cos θ = −[v/ω0]/x

d2x/dt2 +ω0x = 0

ω2
0 = k/m

x = A cos(ω0t+ θ)

p = mdx/dt = −mAω0 sin(ω0t+ θ).

x/A = cos(ω0t+ θ) p/(mAω0) = − sin(ω0t+ θ).

(x/A)2 + [p/(mAω0)]2 = 1

(x2/A2) + (y2/B2) = 1,
x y p

x ±A y ±m ω0
p x

S = πAm ω0 = (2π/ω0)(m 2ω2
0/2)

(2π/ω0) = 1/ν0 ν0
(m 2ω2

0/2) = E E
S = (1/ν0) E = ν0S.



ω1 ∼ ω2

x1 = A cosω1t, x2 = A cosω2t

x = x1 + x2 = 2A cos ω1−ω2

2
t cos ω1+ω2

2
t

x = 2A cosΔωt cosω0t



ω0 ω0 = (ω1 + ω2)/2 Δω =
(ω1 −ω2)/2 2A cosΔωt

x = A cosωt

y = B cosωt

( = cosωt)/(x = cosωt),

y = (B/A)x

x = A cosωt

y = B sinωt

(x/A)2 = cos2ωt

(y/B)2 = sin2ωt

(x2/A2) + (y2/B2) = 1



m

Fத = −mg sinφ
φ sinφ ≈ φ Fத ≈ −mgφ



ε = d2φ/dt2

aத = εl = l(d2φ/dt2) = lφ̈

maத = Fத

mlφ̈ = −mgφ
l

φ̈+ω2
0φ = 0

ω0 = ඥg/l
φ

φ = φ cos(ω0t+ θ) = φ cos[(2π/T)t+ θ]

T = 2π/ω0 = 2πඥl/g
T

M = Jε = Jd2φ/dt2
φ

M = −mgl sinφ ≈ −mglφ



ε = d2φ/dt2 = MJ

J O

Jd2/dt2 = −mglφ

φ̈+ω2
0φ = 0

ω0 = ඥmgl/J

φ = φ cos(ω0t+ θ)

T = 2π/ω0 = 2πඥJ/mgl = 2πඥL/g

L = J/ml
L

F = −kx

F = −rV = −r(dx/dt)
r [r] = /



m(d2x/dt2) = −kx− r(dx/dt)

ẍ+ 2βẋ+ω2
0x = 0

β = r/2m [β] = 1/ = ି1 ω2
0 = k/m

r = 0

x = A(t) cos(ωt+ θ)

x t

dx/dt = dA/dt cos(ωt+ θ) − Aω sin(ωt+ θ)
d2x/dt2 = d2A/dt2 cos(ωt+ θ) − 2dA/dtω sin(ωt+ θ) − Aω2 cos(ωt+ θ)

[d2 /dt2 + 2βd /dt+ (ω2
0 −ω2) ] cos(ωt+ θ) − 2ω[d /dt+ β ] sin(ωt+ θ) = 0

t
cos sin

[d2 /dt2 + 2βd /dt+ (ω2
0 −ω2) ] = 0

[d /dt+ β ] = 0

dA/A = βA

lnA = −βt+ lnA0

lnA0

A(t) = A0 exp(−βt)



dA/dt = βA

d2A/dt2 = β2A

β2A− 2β2A+ (ω2
0 −ω2)A = 0

ω = ටω2
0 − β2

T = 2π/ω = 2π/ටω2
0 − β2

x = A0 exp(−βt) cos(ωt+ θ)

t t+ T

δ = ln[x(t)/x(t+ T)] = ln[A0eିஒt/A0eିஒ(tାT)] = βT = 2πβ/ω
δ

e = 2,7182…

Q = π/δ = πω/2πβ = ω/2β

F = F cosΩt
Ω

m(d2x/dt2) = −kx− r(dx/dt) + F cosΩt

ẍ+ 2βẋ+ω2
0x = (F /m) cosΩt



x = x0 + x

x0

x0 = A0 exp(−βt) cos(ωt+ θ)

x0 → 0
x → x

x = A cos(Ωt− θ)

A = F /mට(ω2
0 − Ω2)2 − 4β2Ω2

θ = arctg[2βΩ/(ω2
0 − Ω2)]

F
F

Ω = ටω2
0 − 2β2

A = F /2mβටω2
0 − β2

A
Ω Ω = 0

A = F /mω2
0 = F /k



v

OX
λ

T

λ = vT

ν = 1/T
λ = v/ν.



v x t

φ0 = 0

S = A cosω[t− x/v]

S = A cos[ωt− (ω/v)x] = A cos[ωt− (2π/λ)x]

k = ω/v = 2π/λ
ω = 2π/T = 2πν

S = A cos(ωt− kx+ φ0)
A Φ = ωt− k + φ0 φ0

t4

Φ = ωt− k + φ0 = const



S = A(r) cos(ωt− kx+ φ0)

r
A(r) ∼ 1/r

v

ωt− k + φ0 = const

dx/dt = ω/k = v.

ΔS = 1
v2
𝜕2S
𝜕t2

Δ = 𝜕2
𝜕x2 +

𝜕2
𝜕y2 +

𝜕2
𝜕z2

v

𝜕2S
𝜕x2 =

1
v2
𝜕2S
𝜕t2

w = dWk + dWp
dV

= dW
dV

= ρA2ω2 sin2(ωt− kx+ φ0)

ρ = dm/dV 0 ρA2ω2

π/ω = T/2
π/ω = /2

⟨w⟩ = 1
T/2

T/2

0
wdt = 1

2
= ρA2ω2



S1 = A cos(ωt) S2 = A cos(ωt)

S1 = A cos(ωt− kr1) S2 = A cos(ωt− kr2)



S1 = A cos 2π(ωt− r1/λ) S2 = A cos 2π(ωt− r2/λ).

A2 = A2
1 + A2

2 + 2A1A2 cos(Δφ)

Δφ = 2π(r2 − r1)/λ
Δφ = 2π(r2 − r1)/λ = 2nπ (r2 − r1) = nλ

n = 0, 1, 2…
Δφ = 2π(r2−r1)/λ = (2n+1)π (r2−r1) = (n+1/2)λ

n = 0, 1, 2…

S1 = A cos(ωt− kx) S2 = A cos(ωt+ kx)

S = S1 + S2 = 2A cos kx cosωt

cos kx = cos 2πx/λ
x = ±(1 + 2n)λ/4 n = 0, 1, 2… cos kx = 0 S =

0
λ/2

x = ±nλ/2 λ/2
S = 2A cos kx cosωt

x t t = 0 cosωt =
cos 2πt/T = 1

cos 2πt/4T = 0 S = 0
T/2 cos 2πt/2T = −1

t = 3T/4 S = 0 t = T



p = Δf/ΔS p = df/dS
/ 2

Δt S
vΔt

SvΔt
S1v1Δt = S2v2Δt

Sv = const



Δt Δl1

S1Δl1 = ΔV1 S2Δl2 = ΔV2 ; ΔV1 = ΔV2 = ΔV

ΔE = ቆρΔVv
2
2

2
+ ρΔVgh2ቇ − ቆρΔVv

2
1

2
+ ρΔVgh1ቇ

A = p1S1Δl1 − p2S2Δl2 = (p1 − p2)ΔV

ΔE = A

ቆρv
2
2

2
+ ρgh2ቇ − ቆρv

2
1

2
+ ρgh1ቇ = (p1 − p2)

ρv2
2

+ ρgh+ p = const



v0

F = η(v0/d)S
η

Re = ρv0l/η
Re < 1000
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